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p-ADIC DERIVED FORMAL GEOMETRY AND DERIVED RAYNAUD LOCALIZATION
THEOREM
JORGE ANTÓNIO
ABSTRACT. The goal of the present text is to give a proof of an analogue of Raynaud localization theorem in the
setting of derived geometry. More explicitly, we show that the ∞-category of (good) derived k-analytic spaces can
be realized as a localization of the functor of admissible derived formal schemes. We construct thus a rigidification
functor, from derived formal Deligne-Mumford stacks to derived k-analytic spaces, which coincides with the usual
generic fiber functor on classical formal schemes and we show that it satisfies many pleasant properties. In order to
establish such a statement we will present a structured spaces approach to derived formal p-adic geometry and we study
the corresponding formal obstruction theory and relate it to the corresponding analytic obstruction theory.
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1. INTRODUCTION
Let k be a non-archimedean field of discrete valuation and k◦ its field of integers. Recall Raynaud’s view on
rigid spaces: Given a sufficiently nice k-analytic spaceX , one can show that X admits a formal model, i.e., there
exists a formal k◦- scheme X such that Xη ≃ X , where η denotes the generic point of Speck◦. More concretely,
there exists a generic fiber functor (−)rig : fSchk◦ → Ank, where fSchk◦ denotes the category of admissible
formal schemes over Speck◦ and Ank the category of k-analytic spaces, such that given X ∈ Ank sufficiently
nice (say quasi-separated and quasi-paracompact) there exists X ∈ fSchk◦ such that Xrig ≃ X . Moreover we have
the following important result:
Theorem 1 (Raynaud). The functor (−)rig : fSchk◦ → Ank is a localization functor, i.e., it induces an equivalence
of the full subcategory spanned by those good k-analytic spaces An′k ⊆ Ank with the localization fSchk◦ [S
−1],
where S denotes the class of morphisms in fSchk◦ which correspond to admissible blow ups.
Theorem 1 is very useful in practice as it allows the use of methods from algebraic theory in the context of
rigid analytic geometry. We are thus able to prove important statements in this context which would be virtually
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impossible using only analytic methods. The same situation happens when we pass to the more general framework
of derived k-analytic geometry, which has been recently developed by M. Porta and T. Yu Yue, see [PY16a].
Let us overview the contents of the current text. In section 2, we develop a theory of derived p-adic formal
geometry in the context of Tadic(k◦)-structured spaces, where Tadic(k◦) denotes the formal adic pregeometry. We
give a definition of derived formal Deligne- Mumford stacks over k◦ is terms of Tadic(k◦)-structured spaces
We study the theory of formal obstruction theory and we define the formal adic cotangent complex for maps
between derived formal Deligne-Mumford stacks, which as far as the knowledge of the author goes it has never
been done in literature. In section 3 we define a rigidification functor
(−)rig : RTop (Tadic(k
◦))→R Top (Tan(k))
which restricts to a functor (−)rig : dfDMk◦ → dAnk, where dfDMk◦ denotes the∞-category of formal derived
Deligne-Mumford stacks and dAnk the∞-category of derived k-anlytic spaces, as introduced in [Por15]. Such
functor when restricted to classical formal schemes coincides with the usual rigidification functor of Berthelot
and Raynaud. In particular, when Z is such that its truncation, t0(Z) is a quasi-separated and quasi-paracompact
k-analytic space, which we say to be good, we prove:
Theorem 2 (Theorem 3.3.2). Let Z ∈ dAnk be a good derived k-analytic space, i.e., the truncation of Z , t0(Z),
is equivalent to a classical quasi-paracompact and quasi-separated k-analytic space space. Then there exists
Z ∈ fdDMk◦ such that one has an equivalence (Z)rig ≃ Z .
Let dfSchk◦ denote the full subcategory of dfDMk◦ spanned by thoseX such that t0X is equivalent to a classical
admissible formal scheme over k◦ which is moreover quasi-paracompact. We are able to prove our main result,
which is a direct generalization of Raynaud’s localization theorem in the derived setting:
Theorem 3 (Theorem 3.3.6). Let S be the class saturated class generated by those morphisms f : X → Y in
dfSchk◦ such that t0 (f) is an admissible blow up and f induces an equivalence, after rigidification, on the higher
homotopy sheaves of the structured sheaves. Then the rigidification functor
(−)rig : dfSchk◦ → dAn
good
k .
factors through the localization of dfSchk◦ [S−1] and the induced functor
dfSchk◦ [S
−1] ≃ dAngoodk .
is an equivalence of∞-categories.
Let us give some examples of applications: it was proven in [Ant17] that the moduli stack of continuous p-adic
representations of a profinite group (topologically of finite generation) is representable by a geometric k-analytic
stack. This object can be upgraded into a geometric derived k-analytic stack. This additional structure is crucial
if one wants to obtain a good notion of cotangent complex and have a control of its obstruction theory. This
additional structure led us to have a better understanding of the underlying geometry of such geometric derived
k-analytic stack, in particular one is then able that it admits a shifted symplectic form.
However, the proof of the representability of such a derived k-analytic stack is not possible using only the
techniques available from the structured spaces approach to derived k-analytic geometry, as in [PY16a]. The main
drawback is that derived k-analytic stacks are defined as couples (X,O), where X denotes an (hypercomplete)
∞-topos and O : Tan(k) → X consists of a Tan(k)-local structure. This data should be interpreted as the giving
a locally ringed space together with an additional structure, such structure consisting of the data of convergent
p-adic holomorphic (derived) sections of the structure sheaf, where p ∈ k◦ denotes a uniformizer.
However such information does not provide directly any sort of Banach structure on O, in contrast with the
classical setting in which O corresponds to a sheaf of Banach k-algebras. As in [Ant17] one is interested in
studying continuous representations one needs somehow to recover back this topological data. Theorem 3 provides
us with such a topological data and it plays a crucial role in the proof of representability of [Ant17].
Raynaud’s viewpoint in the derived setting also encountered so far other applications: It plays a role in the
proof of HKR Theorem in the context of derived k-analytic geometry in a joint work together with F. Petit and
M. Porta. Another such application is the representability of the derived Hilbert stack, in the derived k-analytic
setting, a joint work with M. Porta. Before going directly to the main part of the text we provide the reader an
introductory sketch of derived geometry and its different approaches:
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1.1. Derived algebraic geometry in terms of functor of points. The most direct realization of derived alge-
braic geometry is through the functor of points approach. Let us fix a (simplicial) commutative ring K , we start
by defining the ∞-category of (derived) affine spaces as the opposite of the ∞-category CAlgK , the latter con-
sisting of the homotopy coherent nerve of the (simplicially enriched) model category of simplicialK-algebras or
equivalently, if K is a field of zero characteristic, the∞-category of connective E∞-K-algebras.
Definition 1.1.1. Given a morphism f : A→ B in CAlgK , we say that f is étale if π0(f) : π0(A)→ π0(B) as a
map of commutative rings is étale and f is a strongmorphism, i.e., f induces isomorphisms πi(A)⊗pi0(A)π0(B) ≃
πi(B), for each i ≥ 0.
The family of étale maps in CAlgK allows us to define a Grothendieck topology on the opposite category
(CAlgK)
op. We denote the corresponding Grothendieck site by (CAlgK , τét). We are interested in the full sub-
category of the ∞-category of presheaves on CAlgopk , Fun(CAlgk, S), spanned by those presheaves which sat-
isfy descent with respect to étale coverings, i.e. étale sheaves on CAlgk. Such ∞-category will be denoted by
Shv(CAlgk, τét) and it can be proved to be an accessible left localization of Fun(CAlgK , S), thus a presentable
∞-category. By construction, the affine objects of Shv(CAlgk, τét) correspond precisely to thoseX ∈ (CAlgK)
op
seen as objects of Shv(CAlgk, τét) via the∞-categorical version of the Yoneda Lemma. Such approach via func-
tor of points is very tractable, for example one can give a geometric definition of derived schemes in the following
way:
Definition 1.1.2. We let dLocRing denote the∞-category whose objects consists of pairs (X,OX) where X is
a topological space and OX is a CAlg-valued sheaf on X . We denote by dSch the full subcategory of dLocRing
spanned by those pairs (X,OX) satisfying:
(i) The truncation (X, π0(OX)) is equivalent to a (classical) scheme;
(ii) For every i ≥ 0, πi(OX) is a quasi-coherent sheaf on (X, π0(OX)).
Remark 1.1.3. One should think of (X,OX) as above as a sort of infinitesimal deformation of the 0-truncation
(X, π0(X)) in which the higher quasi-coherent modules πi(OX) encode the higher infinitesimal information.
Example 1.1.4. Let X be a usual scheme and Y , Z two full subschemes of X then we can define the derived
intersection Y ∩ Z (inside of X) as the derived scheme whose underlying topological space corresponds to actual
topological intersection of Y and Z and the structure sheaf OY ∩Z is such that π0(OY ∩Z) is equivalent to the
structure sheaf of the classical intersection but the higher sheafs πi(OY ∩Z) ≃ Tor
i
OX
(OY ,OZ). It is interesting
to notice that, thanks to Serre’s intersection formula, the Euler characteristic of the derived scheme Y ∩ Z agrees
with the usual intersection number associated to the usual intersection of Y and Z inside ofX .
However, for most of purposes, as in classical algebraic geometry, derived schemes are not enough to deal
with the job and one should instead consider a larger class of algebraic objects, namely one should consider
the ∞-category of derived geometric stacks, St(CAlgK , τét). As we have an a priori knowledge of the derived
affine objects we can define directly the notion of n-geometric stacks, for n ≥ −1, by an inductive procedure
on the geometric level as in, in which (−1)- geometric stacks correspond to the affine objects in the∞-category
Shv(CAlgK , τét).
1.2. Derived algebraic geometry in terms of structured spaces. In [Lur11], J. Lurie introduces the notion of
a (spectral) scheme, and more generally (spectral) Deligne-Mumford stack, as a Tét(k)-structured space which
locally is equivalent to an affine object, where k here can be any E∞-ring in spectra. It turns out that Tét(k)-
structured spaces correspond to∞-topoi equipped with a strictly Henselian sheaf with values in the∞-category
of E∞-k-algebras CAlgk. We review some of these notions that will prove useful for us in what follows which
can be found in greater detail in [Lur11] and [PY16a]. It can be shown that when k is a field of characteristic zero
then the two approaches to algebraic geometry so far stated are equivalent.
Definition 1.2.1. A pregeometry consists of an∞-category T equipped with a class of admissible morphisms and
a Grothendieck topology, which is generated by admissible morphisms satisfying the following conditions:
(i) T admits finite products;
(ii) Pullbacks along admissible morphisms exist and are again admissible;
(iii) If f and g are morphisms in T such that g and g ◦ f are admissible then so is f .
(iv) Retracts of admissible morphisms are again admissible.
We give a list of well known examples of pregeometries which will be useful later on.
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Example 1.2.2. (i) Let Tdisc(k) denote the pregeometrywhose underlying category consists of affine spaces
Ank and morphisms between these. The family of admissible morphisms is the coarsest possible one and
the Grothendieck topology on Tdisc(k) is the discrete one.
(ii) Let TZar(k) denote the pregeometry whose underlying category has objects those affine schemes which
admit an open embedding in some n-th affine space, Ank , whose admissible morphisms correspond to
open immersions of schemes and the Grothendieck topology consists of usual Zariski topology.
(iii) Let Tét(k) be the pregeometry whose underlying category has objects consisting of precisely those affine
schemes which are étale overAnk , for some n and whose morphisms corresponds to morphisms of (affine)
schemes. A morphism in Tét(k) is admissible if and only if it is an étale morphism of affine schemes.
Definition 1.2.3. Let T be a pregeometry and X an ∞-topos. A T-local structure on X is defined as a functor
between∞-categories O : T → X satisfying the following conditions:
(i) The functor O preserves finite products;
(ii) For a pullback square of the form
U ′ //

X ′
f

U // X
,
in T where f is admissible then the square
O(U ′) //

O(X ′)
O(f)

O(U) // O(X)
,
is a pullback square in X.
(iii) Given a covering {Uα → U} in T consisting of admissible morphisms then the induced map∐
O(Uα)→ O(U),
is an effective epimorphism in X.
A morphism O → O′ between T-local structures is said to be local if it is a natural transformation satisfying the
additional condition that for every admissible morphism U → X in T, the resulting diagram
O(U) //

O′(U)

O(X) // O′(X),
is a pullback square in X.
Remark 1.2.4. (i) Let O : Tdisc(k) → X be a Tdisc(k)-local structure on an∞-topos X. By unraveling the
definitions one sees that O corresponds to a CAlg-valued sheaf on X, see chapter 1.3.5 in [Lur16] for the
definition of a CAlgK-valued sheaf on an∞-topos.
(ii) Condition (iii) in the above definition ensures that the given T-local structure on X admits a local be-
havior. For example, if O : TZar(k) → X is a TZar(k)-local structure on X then O corresponds to a
CAlg-valued sheaf on X whose stalks are local.
(iii) Similarly a Tét(k)-local structure onX corresponds to a CAlgk-valued sheaf onXwhose stalks are strictly
Henselian. We refer the reader to [Lur16, Lemma 1.4.3.9] for a detailed proof of this result in the case
where CAlg denotes the∞-category of E∞-rings, needless to say that the same proof can be applied in
the case of simplicial rings.
Definition 1.2.5. We denote by StrlocT (X) the ∞-category of T-local structures on X together with local mor-
phisms between these. One has a natural fully faithful embedding StrlocT (X)→ Fun(T,X).
Definition 1.2.6. A T-structured space is a pair X := (X,O) where X is an∞-topos and O is T-local structure
on X. We denote by RTop(T) the∞-category of T-structured topoi, see [Lur11, Definition 3.1.9].
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1.3. Derived k-analytic geometry. In this subsection small k denotes a non-archimedean field whose valuation
is not the trivial one. Derived k-analytic geometry is a vast generalization of classical theory of rigid geometry. As
opposed to derived algebraic geometry, derived k-analytic geometry it is much more difficult to define from the
ground using an analogue functor of points approach in the algebraic case. The main drawback comes from the
fact that a reasonable description of the∞-category of (derived) affine objects seems to be much more involved.
However, one can found such a theory via a structured spaces approach as used in the foundational work [PY16a].
In order to do so one needs to define a suitable analytic pregeometry. We give the basic definitions here and refer
the reader to [PY16a] for a detailed account of the foundational aspects of the theory.
Definition 1.3.1. Let Tan(k) denote the pregeometry whose underlying category consists of those k-analytic
spaces which are smooth and whose admissible morphisms are the étale maps between k-affinoid spaces. The
Grothendieck topology on Tan(k) is the (quasi)-étale one.
Definition 1.3.2. A Tan(k)-structured ∞-topos (X,O) is a k-derived analytic space if X is hypercomplete and
there exists an effective epimorphism from
∐
i Ui → 1X verifying the following conditions:
(i) For each i, the pair (X|Ui , π0(O
alg|Ui)) is equivalent to a k-analytic spaceXi.
(ii) For each index i and j ≥ 1, the πj(Oalg|Ui) is a coherent sheaf over π0(Oalg|Ui)-modules onXi.
1.4. Notations and conventions. Throughout the text, unless otherwise stated, k denotes a non-archidemean
field of discrete valuation and k◦ = {x ∈ k : |x| ≤ 1} denotes the ring of integers in k. For psychological reasons
we denote the uniformizer of k◦ by p.
We denote fSchk◦ the (classical) category of formal schemes (topologically) of finite presentation over k◦. Let
n ≥ 0 be an integer, we define k◦〈T1, . . . , Tn〉 as the sub-algebra of k◦[[T1, . . . , Tn]] consisting of those formal
power series which f = ΣIaiT
bI
I , such that the coefficients aI → 0 in k
◦. Moreover, we say that a morphism
between two p-complete k◦-algebras A→ B is formally étale if, for each n ≥ 0, its mod pn reduction is an étale
homomorphism of k◦/pn-algebras. We denote S the∞-category of spaces and RTop the∞-category of∞-topoi
together with geometric morphisms between them.
2. DERIVED FORMAL p-ADIC GEOMETRY
In this section we concentrate ourselves in developping an approach to derived formal Deligne-Mumford stacks
in terms of the framework of structured spaces, following [Lur11]. In this setup one will be able to define a
rigidification functor from derived formal k◦-schemes to derived k-analytic spaces in a natural way.
2.1. Derived formal schemes. In this subsection we define the p-adic pregeometry Tadic(k◦) and we will show
that derived formal Deligne-Mumford stacks can be naturally seen as Tadic(k◦)-structured spaces. We denote the
classical category of adic commutative rings by CAlg♥ad.
Definition 2.1.1. An adic simplicial ring consists of a simplicial ring A ∈ CAlg together with a topology on the
commutative ring π0A which coincides with the I-adic topology on π0A for a finitely generated ideal I ⊂ π0A.
We define the∞-category of simplicial adic rings as the fiber product CAlgad := CAlg ×CAlg♥ CAlg
♥
ad.
Construction 2.1.2. Given an adic simplicial ring A together with a defining ideal I ⊂ π0A we can associated to
it the formal étale∞-topos ShvadA , which is equivalent to the closed subtopos of Shv
ét
A spanned by those sheaves
F : CAlgétA → S such that F(B) is contractible whenever V (I) ×SpecA SpecB is empty, here V (I) denotes the
closed subset of SpecA defined by an ideal of definition I ⊂ π0A. We note that there is a canonical identification
ShvadA ≃ Shv
ét
pi0(A)/I .
Definition 2.1.3. Let CAlgk◦ be the ∞-category of k
◦-simplicial algebras. Let CAlgadk◦ := CAlgk◦ ×CAlg♥
k◦
CAlg♥k◦,ad given by those p-adic k
◦-simplicial algebras. We define CAlg∧k◦ to be the full subcategory of CAlg
ad
k◦
spanned by those p-adic k◦-simplicial algebras which are moreover p-complete, when regarded as an k◦-module.
Definition 2.1.4. Let A ∈ CAlg∧k◦ be a simplicial ring which is p-adic complete for p ∈ π0(A). We define the
formal étale spectrum, SpfA, of A as a locally ringed ∞-topos (HShvadA ,OSpfA), where HShv
ad
A denotes the
hypercompletion of ShvadA , and OSpfA : CAlg
ét
A → CAlg is defined on objects by the formula
B ∈ CAlgétA 7→ B
∧
p ,
where B∧p denotes the p completion of the simplicial A-algebra B, introduced in [Lur16] section 7.3. It can be
promoted naturally to an object in the∞-category RTop(Tét(k)).
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Our goal now is to give a structured spaces approach to derived formal algebraic geometry.
Definition 2.1.5. The pregeometry of formal affine schemes (with respect to the p-adic topology), denoted
Tadic(k
◦), is the subcategory of fSchk◦ whose objects consist of those SpfA, where A is a p-adic complete ring
formally étale over some k◦〈T1, . . . , Tn〉, and morphisms between such objects correspond to (the opposite) of
those continuous (for the p-adic topology) ring homomorphismsA→ B. The admissible morphisms of Tadic(k◦)
correspond to those formal étale morphismsA→ B, of p-complete k◦-algebras.
Definition 2.1.6. We denote the∞-category of Tadic(k◦)-structured∞-topoi by RTop(Tadic(k◦)). Given X an
∞-topos, we denote the∞-category of Tadic(k◦)-local structures on X by Str
loc
Tadic(k◦)(X).
We have a natural transformation of pregeometries j : Tét(k◦) → Tadic(k◦), given by completing along the
p-loci. Such transformation of pregeometries induces a functor J : RTop(Tadic(k◦)) → RTop(τét(k◦)), given by
precomposition with j.
Lemma 2.1.7. The functor J : RTop(Tadic(k◦))→ RTop(τét(k◦)) admits a right adjoint,
L : RTop(Tét(k
◦))→R Top(Tadic(k
◦))
Proof. It is a direct consequence of [Lur11, Theorem 2.1]. 
Lemma 2.1.8. The forgetful functor J : RTop(Tadic(k◦))→R Top(τet(k◦)) introduced above is fully faithful.
Proof. Let (X,OX) and (Y,OY) ∈R Top(Tadic(k◦)) be two Tadic(k◦)-structured topoi. We must show that the
canonical map
θ : MapRTop(Tadic(k◦)) ((X,OX), (Y,OY))→ MapRTop(Tét(k)) ((X,OX ◦ j), (Y,OY ◦ j))
is an homotopy equivalence. Consider the canonical projectionRTop(Tadic(k◦))→R Top, given f ∈MapRTop (X,Y)
we have thus a commutative diagram of fiber sequences
(1)
MapStrloc
Tadic(k
◦)
(X)
(
f−1OY,OX
)
MapRTop(Tadic(k◦)) ((X,OX), (Y,OY)) MapRTop(X,Y)
MapStrloc
Tét(k)
(X)
(
f−1OY ◦ j,OX ◦ j
)
MapRTop(Tét(k)) ((X,OX ◦ j), (Y,OY ◦ j)) MapRTop(X,Y)
ϕ
θ
θ =
in the ∞-category S. Thus in order to prove that θ is an homotopy equivalence it suffices to show that ϕ
is an homotopy equivalence (for generic f ). Precomposition with j : Tét(k) → Tadic(k◦) induces a functor
j∗ : Fun (Tadic(k
◦),X) → Fun (Tét(k),X). Thanks to [dJ+, Tag 0AR1, Lemma 79.10.3] every morphism in
Tadic(k
◦) can be realized as the p-completion of a morphism in Tét(k). This fact together with the end formula
for mapping spaces, see [GHN15, Proposition 5.1], imply that the natural map
MapFun(Tadic(k◦),X)
(
f−1OY ,OX
)
→ MapFun(Tét(k),X)
(
f−1OY ◦ j,OX ◦ j
)
is an equivalence in the∞-category S. As f was chosen generic we conclude that θ is an equivalence in S and
therefore j∗ is fully faithful. Using this fact the result now follows since local morphisms between f−1OY ◦ j →
OX ◦ j come from a uniquely (up to contractible indeterminacy) f−1OY → OX, in Fun (Tadic(k◦),X) which is
necessarily local, thus a morphism in StrlocTadic(k◦)(X). It follows that the morphism θ in (1) is an equivalence and
the result follows. 
Corollary 2.1.9. The Spf construction of Definition 2.1.4 provides a fully faithful embedding CAlgad,opk◦ →
R
Top (Tadic(k
◦)).
Proof. Thanks to [Lur16, Theorem 8.1.2.1] together with its proof, the Spf construction of Definition 2.1.4 induces
a fully faithful functor CAlgad,opk◦ →
R Top (Tét(k)). Moreover, given A ∈ CAlg
ad
k◦ its corresponding Tét(k)-
structured space SpfA admits naturally an extension to a Tadic(k◦)-structured space. The result now follows by
Lemma 2.1.8. 
Definition 2.1.10. Let X = (X,O) be an Tadic(k◦)-structured∞-topos. We say X is a derived formal k◦-Deligne-
Mumford stack if the associated Tét(k)-structured ∞-topos (X,O ◦ j) is equivalent to a usual derived formal
k◦-Deligne-Mumford stack, see [Lur16, Definition 8.1.3.1].
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Remark 2.1.11. Since the forgetful functor RTop (Tadic(k◦))→ Top reflects limits, we conclude that a a formal
k◦-Deligne-Mumford stack is a Tadic(k◦)-structured space, (X,O), whose underlying∞-topos admits a covering
{Uα → 1X} such that (X|Uα ,O|X|Uα ) is of the form SpfA, for some A ∈ CAlg
ad
k◦ .
Construction 2.1.12. LetX = (X,O) be a Tadic(k◦)-structured∞-topos. Consider the∞-categoryStr
loc
Tadic(k◦)(X)/O
of Tadic(k◦)-local structures on X over O. By precomposing with θ, as above, we obtain a functor (−)alg :
StrlocTadic(k◦)(X)/O → Str
loc
Tét(k)(X)/O◦θ. The functor (−)
alg associates to every Tadic(k◦)-local structure on X
over O its corresponding underlying CAlg-valued strictly Henselian sheaf. Moreover, (−)alg is a conservative
functor between presentable∞-categories, see Proposition 1.15 in [Por15], and it commutes with (small) limits
and sifted colimits, see Corollary 1.18 in [Por15]. Therefore, due to the Adjoint Functor Theorem, it admits a left
adjoint functor Ψ : StrlocTét(k)(X)/Oalg → Str
loc
Tadic(k◦)
(X)/O. We are interested in understanding the composition,
(−)alg ◦Ψ : StrlocTét(k)(X)/Oalg → Str
loc
Tét(k)(X)/Ψ(Oalg)alg .
Proposition 2.1.13. Let A ∈ StrlocTét(k)(X)/Oalg where X is an ∞-topos with enough geometric points and as-
sume further that A is almost of finite presentation. Then Ψ(A)alg ∈ StrlocTét(k)(X)/Ψ(Oalg)alg agrees with the
p-completion of A, (A)∧p .
Before giving the proof we start with a useful Lemma:
Lemma 2.1.14. Let F : C // D : Goo be an adjunction of presentable∞-categories. Suppose further that:
(i) Any epimorphism in C is effective;
(ii) G is conservative, preserves epimorphisms and sifted colimits;
Then epimorphisms in D are also effective, moreover, if {Xα} is a family of compact generators for C the family
{F (Xα)} generatesD under sifted colimits.
Proof of Proposition 2.1.13. We first remark that by applying Lemma 2.1.14 to the adjunction,
Ψ : StrlocTét(k)(X)/Oalg
// StrlocTadic(k◦)(X)/O : (−)
algoo ,
where X ≃ S, one concludes that the family {Ψ(k◦[T1, . . . , Tn])}, where the Ti are free variables sitting in degree
0, consists of sifted generators for the∞-category StrlocTadic(k◦)(X)/O.
We construct a natural map
fA : Ψ(A)
alg → A∧p ,
for each A ∈ StrlocTét(k)(X)/Oalg , which we prove furthermore to be an equivalence whenever A is of almost finite
presentation. Let n ≥ 1, denote by A/pnA the Tadic(k◦)-local structure defined as the homotopy pushout,
A[t] A
A A/pnA
t7→0
t7→pn
,
in the ∞-category StrlocTét(k)(X)/Oalg . The reduction mod p
n together with the unit of adjunction produce thus a
natural map,
Ψ(A)alg → Ψ(A/pnA)alg → A/pn.
By passing to inverse limits we obtain the desired map,
fA : Ψ(A)
alg → A∧p .
As X has enough geometric points, in order to show that fA is an equivalence it suffices to show that for any
geometric point,
x−1 : X
// S : x∗oo ,
x−1fA is an equivalence. Let A := x−1A, thanks to theorem 1.12 in [Por15] we deduce that ΨS(A)alg ≃
x−1Ψ(A)alg. Therefore we are reduced to the case where the∞-topos X is canonically equivalent to S.
Thanks to Section 2.1 we conclude that StrlocTadic(k◦)(X)/O is generated under sifted colimits by the family
{Ψ(k◦[T1, . . . Tn]}n. As A ∈ Str
loc
Tét(k) (S)/x−1Oalg is almost of finite presentation we conclude that it can be
written as a filtered colimit of a diagram of the form,
A0 → A1 → A2 → . . . ,
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where A0 is a commutative ring of finite presentation over k◦ and Ai+1 can be obtained from Ai by a finite
(filtered) colimit of pushout diagrams of the form,
k◦[Sn] //

k◦[X ]

Ai // Ai+1,
where k◦[Sn] is the free simplicial k◦-algebra generated in degree n by a single generator and we notice that the
map Ai → Ai+1 is surjective on π0. As Ψ is a left adjoint and in particular it commutes with pushout diagrams
we conclude that,
(2) Ψ(k◦[Sn]) //

Ψ(k◦[X ])

Ψ(Ai) // Ψ(Ai+1),
is a pushout diagram and moreover Ψ(Ai) → Ψ(Ai+1) is surjective on π0. By unramifiedness of the morphism
of pregeometries θ : Tét(k)→ Tadic(k◦), see Appendix B, we conclude that the diagram,
(3) Ψ(k◦[Sn−1])alg //

Ψ(k◦[X ])alg

Ψ(Ai)
alg // Ψ(Ai+1)alg
,
is a pushout square in CAlg. By induction hypothesis, Ψ(Ai)alg is equivalent to (Ai)∧p . By construction of the
functor θ : Tét(k)(k◦) → Tadic(k◦) we conclude that Ψ(k◦[X ])alg ≃ k◦〈X〉. The same holds for k◦[Sn], i.e.
Ψ(k◦[Sn])alg ≃ k◦[Sn]∧p . The proof of this statement is by induction on n and the fact that k[S
n] fits into a
pushout diagram,
k◦[Sn−1] //

k◦[X ]

k◦[X ] // k◦[Sn]
.
Since Ψ(Ai)alg → Ψ(Ai+1)alg is surjective on π0, it follows that π0(Ψ(Ai+1)alg) is p-complete, by coherence
of the higher πn(A
alg
i+1) these are p-complete π0(Ψ(Ai+1)
alg)-modules. Therefore, Ψ(Ai+1)alg is p-complete.
Thanks to (3) we conclude that Ψ(Ai+1)alg satisfies the universal property of p-completion of Ai+1, being p-
complete we conclude that the morphism
fAi+1 : Ψ(Ai+1)
alg → (Ai+1)
∧
p ,
is an equivalence. Now A ≃ colimiAi. Fix i ≥ 0, then τ≤iΨ(A)alg ≃ τ≤iΨ(Aj)alg for j sufficiently large and
we conclude that πi(Ψ(A)alg) is p-complete for i ≥ 0. Thus Ψ(A)alg is p-complete, and by a similar reasoning
as before, it satisfies the universal property of p-completion for A. Therefore, we conclude that,
fA : Ψ(A)
alg → A∧p ,
is an equivalence, which implies that fA is also an equivalence, as desired. 
Warning 2.1.15. The functor (−)alg ◦ Ψ is not in general equivalent to the p-completion functor (−)∧p . In fact,
as (−)alg commutes with filtered colimits and Ψ being a left adjoint it also commutes with such class of colimits.
Therefore, the composite (−)alg ◦ Ψ commutes with filtered colimits which is not the case of the p-completion
functor, in general.
2.2. Complete O-modules. Let X = (X,OX) be a k◦-derived formal Deligne Mumford stack. We define the
∞-category of Oalg
X
-modules as the∞-category of those left OX- module objects in ShvD(Ab)(X), whereD(Ab)
designates the derived∞-category of abelian groups. The∞-categorical version of Dold-Kan correspondence al-
low us to identify such∞-category of leftOX-moduleswith the∞-categoryModOX := Sp(Ab(Str
loc
Tét(k)(X)/OX)),
see [PY17, Chapter 5] and [Lur12b, Chapter 1.4] for more details about these notions. In our setting as OX is a
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Tadic(k
◦)-local structure on X it is therefore natural to consider the ∞-category of modules over the Tadic(k◦)-
local structure OX on X.
Definition 2.2.1. Let X = (X,OX) be a k◦-derived formal Deligne-Mumford stack. We define the∞-category
ModadicOX := Sp
(
Ab(StrlocTadic(k◦)(X)/OX)
)
.
Construction 2.2.2. Thanks to Proposition 2.1.13 the left adjoint
Ψ : StrlocTét(k)(X)/Oalg → Str
loc
Tadic(k◦)(X)/O,
coincides with p-completion functor on almost finitely presented objects in StrlocTét(k)(X)/Oalg . We assert that the
functor Ψ commutes with finite limits. In order to see this, we remark that p-completion functor commutes with
limits therefore,Ψ commutes with finite limits of almost finitely presented objects in StrlocTét(k)(X)/Oalg . Moreover,
any A ∈ StrlocTét(k)(X)/Oalg can be realized as a filtered colimit in Str
loc
Tét(k)(X)/Oalg of almost finite presentation
Tét(k)-local structures in Str
loc
Tét(k)(X)/Oalg . Let {Ai}i∈I be a diagram in Str
loc
Tét(k)(X)/O indexed by a finite ∞-
category I , and, for each i ∈ I , choose a presentation
Ai ≃ colim
m
Ai,m,
where Ai,m is of almost finite presentation. We have thus a chain of equivalences,
Ψ(lim
i
Ai)
alg ≃ colim
m
Ψ(lim
i
Ai,m)
alg ≃ colim
m
(lim
i
Ai,m)
∧
p ≃ colimm
lim
i
(Ai,m)
∧
p ≃
≃ lim
i
colim
m
Ψ(Ai,m)
alg ≃ lim
i
Ψ(Ai)
alg.
As (−)alg is a right adjoint and conservative it reflects limits and thereforeΨ(limiAi) ≃ limiΨ(Ai). We conclude
that Ψ induces a functor
Sp
(
Ab(StrlocTét(k)(X)/Oalg
)
→ Sp
(
Ab(StrlocTadic(k◦)(X)/O)
)
,
which we shall also denote by Ψ. Moreover, it is the left adjoint to the functor,
Φ : Sp
(
Ab(StrlocTadic(k◦)(X)/O)
)
→ Sp
(
Ab(StrlocTadic(k◦)(X)/Oalg )
)
,
induced by composition with (−)alg.
Lemma 2.2.3. The functor defined in Construction 2.2.2,
Φ : ModadicOX → ModOX ,
is fully faithful.
Proof. Consider the adjunction,
Ψ : StrlocTét(k)(X)/Oalg
// StrlocTadic(k◦)(X)/O : (−)
algoo .
Define a new functor,
L = (−)alg ◦Ψ.
Thanks to Proposition 5.2.7.4 in [Lur09b] we are reduced to prove that the unit of the adjunction (Ψ, (−)alg), η,
for each A ∈ StrlocTét(k)(X)/Oalg , induces natural equivalences,
L(η(A)), η(L(A)) : LA→ LLA.
As in the proof of Proposition 2.1.13 we can reduce ourselves to the case where X ≃ S and as L commutes with
sifted colimits it suffices to verify the statement on a family of generators of the form {k◦[T1, . . . , Tn]}n and on
such objects the functor L agrees with the p- completion functor, therefore the morphisms,
L (η(k◦[T1, . . . , Tn])) , η (L(k
◦[T1, . . . , Tn])) : Lk
◦[T1, . . . , Tn]→ LLk
◦[T1, . . . , Tn],
This implies that the functor,
(−)alg : StrlocTadic(k◦)(X)/O → Str
loc
Tét(k)(X)/Oalg
is a fully faithful functor. Since the functor
Φ: ModadicOX → ModOX ,
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corresponds to the canonical functor
Φ: Sp
(
Ab(StrlocTadic(k◦)(X)/O)
)
→ Sp
(
Ab(StrlocTét(k)(X)/Oalg)
)
,
we can identify it with the upper horizontal functor in the pullback diagram,
ModadicOX
//

ModOX

Fun(TAb × S
fin
∗ , Str
loc
Tadic(k◦)
(X)/O) // Fun(TAb × S
fin
∗ , Str
loc
Tét(k)(X)/O)
,
and since the functor,
Fun(TAb × S
fin
∗ , Str
loc
Tadic(k◦)(X)/O)→ Fun(TAb × S
fin
∗ , Str
loc
Tét(k)(X)/O),
is fully faithful, the same conclusion is deduced for Φ as desired. 
Remark 2.2.4. The∞-categoryModadicOX admits a canonical t-structure such that,
(ModadicOX )≥0 ≃ Ab(Str
loc
Tadic(k◦)
(X)/O).
Given F ∈ModadicOX we can thus define its homotopy groups πi(F) in the usual manner.
The following Lemma is a reality check:
Lemma 2.2.5. Let F ∈ (Oalg
X
−Mod)≥−n, for some integer n, such that F is a coherent O
alg
X
-module then F
belongs to the essential image ofModadicOX in O
alg−Mod via the fully faithful functor,
Φ : ModadicOX → O
alg−Mod,
if and only if, for each integer i, the πi(F) are p-complete (coherent) π0(O
alg
X
)-modules
Proof. Suppose that F belongs to the essential image of ModadicOX . We want to show that πi(F) is a p-complete
π0(O
alg)-module. It suffices to show that the πi(F) are p-complete as sheaves of abelian groups on the∞-topos
X. It thus suffices to show that the Ab-valued sheaves πi(F) are p-complete. Fix then an integer i, the homotopy
abelian sheaf πi(F) corresponds to the sheafification of the presheaf with values in the category of abelian groups,
F˜i on X given informally on objects by the formula,
U ∈ X 7→ πi (F(U)) ∈ Ab.
Since F belongs to the essential image of ModadicOX , the fact that Φ preserves p-completion implies that F is a
p-complete object in Oalg
X
−Mod and therefore, thanks to Theorem 7.3.4.1 in [Lur16], also F˜i is a p-completeAb-
valued presheaf. Denote byL : ModOX → ModOX the p-completion functor, then we have a canonical equivalence
(−)sh ◦ L ≃ L ◦ (−)sh of functors, where (−)sh denotes the sheafification functor. To show this, note that we
have a chain of natural equivalences in the∞-category S,
MapShvcpl
LMod(k◦)
(X)
(
(L∗G)
sh,H
)
≃MapPShcpl
LMod(k◦)
(X) (L∗G,H) ≃
MapPshLMod(k◦)(X) (G,H) ≃ MapShvLMod(k◦)(X)
(
Gsh,H
)
≃
MapShvcpl
LMod(k◦)
(X)
(
L∗((G)
sh),H
)
,
where ShvcplLMod(k◦) and Psh
cpl
LMod(k◦) denote, respectively, the ∞-categories of sheaves and presheaves of p-
complete k◦-modules on X, L∗ denotes the functor given by composition with L, G ∈ PshLMod(k◦)(X) and
H ∈ ShvcplLMod(k◦)(X). We conclude that,
L∗πi(F) ≃ L∗(F˜i)
sh ≃ (L∗F˜i)
sh ≃ (F˜i)
sh ≃ πi(F),
thus showing that πi(F) is p-complete and thus πi(F) ∈
(
π0(O
alg)−Mod
)cpl
.
To prove the reverse implication we reason as follow: Consider F ∈ Oalg
X
−Mod be such that πi(F) ∈(
π0(O
alg)−Mod
)cpl
for each integer i. Since F is right bounded, we can assume it is connective by applying
a suitable shift. Therefore for each integer i ≥ 1 we have a fiber sequence,
τ≤iF → τ≤i−1F → Σ
i+1πiF.
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By induction both ΣiπiF and τ≤i−1F belong to the essential image ofMod
adic
OX
and since the functor,
Φ: ModadicOX → ModOX
is a right adjoint and therefore preserves small limits, it follows that τ≤iM belongs as well. 
Definition 2.2.6. We define the ∞-category of coherent OX-modules, Coh
+(X), as the full subcategory of
ModadicOX spanned by those OX-modules, F, whose homotopy groups πi(F) are coherent modules over π0(O
alg
X
)
and vanish for i sufficiently small (note that we are using homological conventions).
Corollary 2.2.7. Suppose X = SpfA for some p-complete simplicial k◦-algebra. Then we have a canonical
equivalence of∞- categories,
(4) Coh+(X) ≃
⋃
n∈Z
(ModA)
coh
≥−n,
where the latter denotes the full subcategory ofModA spanned by those coherentA-modules which are p-complete
and whose homotopy groups vanish for sufficiently small integer n.
Proof. The right hand side of (4) can be identified with the usual ∞-category of OX coherent sheaves on X.
Therefore, the functor Φ as above restricts to a fully faithful functor,
Coh+(X)→
⋃
n∈Z
(ModA)
coh
≥−n.
It suffices to show then that it is also essential surjective. Let
F ∈
⋃
n∈Z
(ModA)
coh
≥−n,
and suppose that F lives in homological degrees superior than−n, for some integer n. As O is (a p-completion of)
an almost finite presentation CAlgk◦ -valued sheaf on X we conclude that, for each i ≥ −n, πi(F) is a coherent
(discrete) k◦-module and therefore it is p-complete. It follows that the homotopy groups of F ∈ Coh(X)+ are
p-complete, by Lemma 2.2.5 we conclude that F ∈ModadicOX . The result now follows. 
2.3. Formal Cotangent complex. We have a canonical functor
(5) Ω∞Ab : Mod
adic
OX
→ StrlocTadic(k◦)(X)/OX ,
given by evaluation on the pair (∗, A0) ∈ Sfin∗ × τAb. The functor Ω
∞
Ab admits a left adjoint,
Σ∞Ab : Str
loc
Tadic(k◦)(X)/OX → Mod
adic
OX
.
We refer the interested reader to [Lur12b] chapter 7.5 and [PY17] chapter 5.1 for more details.
Definition 2.3.1. GivenM ∈ModadicOX we refer toOX⊕M := Ω
∞
Ab(M) as the split (formal) square zero extension
of OX by the moduleM .
Definition 2.3.2. Let X = (X,OX) be an k◦- formal Deligne Mumford stack and A ∈ Str
loc
Tadic(k◦)
(X)/OX . Let
F ∈ OX−Mod
cpl, we define the space of A-linear formal derivations of OX into F as the space
DeradicA (OX,F) := MapStrloc
Tadic(k
◦)
(X)A//O
X
(OX,OX ⊕ F) ∈ S.
Proposition 2.3.3. The functor,
DeradicA (OX,−) : Mod
adic
OX
→ S,
is corepresentable by an object.
LadicOX/A ∈Mod
adic
OX
,
which we refer as the (formal) cotangent complex relative to X and A.
Proof. The proof follows directly from the existence of the left adjoint
Σ∞Ab : Str
loc
Tadic(k◦)
(X)/OX → Mod
adic
OX
,
see [Lur12b] chapter 7.5 and [PY17] chapter 5.1. for more details. Define,
LadicOX/A := Σ
∞
Ab(OX ⊗A OX).
For every F ∈ OX−Mod we have a sequence of canonical equivalences in the∞-category of spaces S as follows,
DeradicA (OX,F) ≃
11
MapStrloc
Tadic(k
◦)
(X)A//O
X
(OX,OX ⊕ F) ≃
MapStrloc
Tadic(k
◦)
(X)A//O
X
(OX,Ω
∞
Ab(F)) ≃
MapStrloc
Tadic(k
◦)
(X)O
X
//O
X
(OX ⊗A OX,Ω
∞
Ab(F)) ≃
MapModadic
O
X
(Σ∞Ab(OX ⊗A OX),F) ≃
MapModadic
O
X
(
LadicOX/A,F
)
.
The result now follows. 
Remark 2.3.4. Given A,B ∈ StrlocTadic(k◦)(X)/O, let LAalg/Balg ∈ O-Mod denote the usual cotangent complex of
the underlying strictly Henselian sheaves. By applying the functor,
Ψ : ModOX → Mod
adic
OX
,
we obtain the following chain of canonical equivalences in the∞-category S,
MapModadic
O
X
(Ψ(LAalg/Balg),M) ≃MapModO
X
(LAalg/Balg ,Φ(M)) ≃
MapStrloc
Tét(k)
(X)/O
(Aalg,Aalg ⊕ Φ(M)) ≃ MapStrloc
Tét(k)
(X)
/Oalg
(Aalg, (A⊕M)alg) ≃
MapStrloc
Tadic(k
◦)
(X)/O
(A,A⊕M),
where the latter equivalence comes from the fully faithfulness of the functor (−)alg. In particular, we have a
canonical equivalence
Ψ(LAalg/Balg) ≃ L
adic
A/B.
2.4. Postnikov towers of derived formal Deligne-Mumford stacks. Our goal now is to show that we have a
good control of obstruction theory for derived formal Deligne-Mumford stacks via the (formal) cotangent complex
formalism.
Definition 2.4.1. Let X = (X,OX) be a Tadic(k◦)- structured ∞-topos and let F ∈ (Mod
adic
OX
)≥1 be an OX-
module. A formal square zero extension of X by F consists of a Tadic(k◦)-structured ∞-topos, X′ = (X,O)
equipped with a morphism f : X→ X′ satisfying:
(i) The underlying geometric morphism is equivalent to the identity morphism of X;
(ii) There exists a formal derivation,
d : LadicX → F[1] inMod
adic
OX
,
such that we have a pullback diagram in the∞-category StrlocTadic(k◦)(X)/O,
O //
f#

OX
ηd

OX
η0 // OX ⊕ F[1]
,
where ηd and η0 classify the formal derivations d and the zero one, respectively.
Definition 2.4.2. Let X = (X,O) be an k◦-formal Deligne- Mumford stack. We define its n-th truncation as the
locally ringed∞-topos t≤n(X) := (X, τ≤nO).
Remark 2.4.3. (i) Given an k◦-formal Deligne-Mumford stack X = (X,O), then the n-th truncation of the
underlying algebra sheaf Oalg, τ≤nOalg, corresponds to the sheafification of the pre-sheaf τ≤n ◦ Oalg.
(ii) Given an k◦-formal Deligne-Mumford stack X = (X,O), the truncation t≤nX is again an k◦-formal
Deligne-Mumford stack. Since the assertion is local it suffices to treat the case when X ≃ SpfA. In this
case, we have t≤nX ≃ t≤nSpfA ≃ Spf(τ≤nA), and τ≤nA is again an k◦-simplicial algebra which is
p-complete, whenever A is itself.
Lemma 2.4.4. Let X = (X,O) be an k◦-formal Deligne-Mumford stack. The functor
Ω∞Ab : Mod
adic
OX
→ StrlocTadic(k◦)(X)/OX ,
commutes with the left adjoint to Φ functor introduced in Construction 2.2.2.
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Proof. Since Ω∞ab is given by evaluation on (A
0, ∗) ∈ τAb × S
fin
∗ the statement follows readily by remarking that
the functor Ψ : ModOX → Mod
adic
OX
coincides with composing with the left adjoint to (−)alg. 
Proposition 2.4.5. Let X = (X,O) be an k◦-derived formal Deligne-Mumford stack. Then for each integer n ≥ 0,
the n+ 1-truncation t≤n+1(X) is a square zero extension of t≤n(X).
Proof. We have a canonical morphism t≤n(X) →֒ t≤n+1(X) which is induced by the identity map on the under-
lying∞-topos and the natural map τ≤n+1O→ τ≤nO at the level of structures. LetB := τ≤n+1O andA := τ≤nO.
By Corollary 7.4.1.28. in [Lur12b] we deduce that the underlying algebra morphismBalg → Aalg is a square-zero
extension and we can thus identify Balg with the pullback diagram, in the∞-category Strlocτét (X))/Aalg ,
(6) Balg //

Aalg
d

Aalg
d0// Aalg ⊕ LAalg/Balg ,
where d : LAalg → LAalg/Balg , corresponds to the canonical derivation where LAalg/Balg is defined as the cofiber
of the canonical map LBalg → LAalg and d0 the zero derivation. Consider the induced formal derivation
Ψ(d) : LadicA → L
adic
A/B,
and form the pullback diagram in StrlocTadic(k◦)(X)/A,
(7) B′ //

A
Ψ(d)

A
d0// A⊕ Ladic
A∧p /B
.
notice that the canonical morphismB′ → A is a formal square zero extension by construction, moreover we have a
canonical map B→ B′. As filtered colimits commute with taking finite products in the∞-category StrlocTét(k) (X)
and the composite functor (−)alg ◦ Ψ commutes with filtered colimits we can suppose that the vertices in (6)
are almost of finite presentation therefore the corresponding diagram after applying (−)alg ◦ Ψ agrees with p-
completion, hence it is also a pullback diagram, as p-completion preserves pullback diagrams. By conservativity
of (−)alg it follows that the diagram in StrlocTadic(k◦)(X)/A obtained from (6) by applying Ψ is also a pullback
diagram. But such diagram is equivalent to the diagram (7) and therefore the canonical map B → B′ is an
equivalence, as desired. 
3. DERIVED GENERIC FIBER CONSTRUCTION
Given a classical k-analytic space (X,OX), its structure sheaf OX admits a natural ”topology”: when X =
SpA, whereA is a k-affinoid algebra, this corresponds to a topology onA induced by the norm on k. In order to be
able to recover a topology on the structure sheaf in the setting of derived k-analytic geometry we need to establish
an analogue of Raynaud’s generic fiber construction. In this section we establish our main results concerning
Raynaud localization Theorem in the derived setting.
3.1. Rigidification functor. The usual rigidification functor kills the p-torsion, thus we will need to introduce a
more suitable∞-category of p-complete topologically almost of finite type algebra, that is the one of admissible
simplicial k◦-algebras.
Definition 3.1.1. Let A be a (classical) k◦-algebra, equipped with the p-adic topology. We say that A is topolog-
ically of finite presentation if we can find a presentation A ≃ k◦〈T1, . . . , Tn〉/a, where a ⊂ k◦〈T1, . . . , Tn〉 is a
finitely generated ideal. We say moreover that A is an admissible k◦-algebra if it has no p-torsion.
Let A ∈ CAlg∧k◦ , we say that A is topologically almost of finite presentation if π0(A) is an topologically of
finite presentation and for each i > 0, πi(A) is finitely generated as an π0(A)-module. We say that anA ∈ CAlg
∧
k◦
topologically of finite presentation is an admissible k◦-simplicial algebra if π0(A) is admissible k◦- algebra and
the higher homotopy groups πi(A) are p-torsion free. We denote by CAlg
ad
k◦ the full subcategory of CAlg
∧
k◦
spanned by those admissible k◦-simplicial algebras.
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Raynaud’s generic fiber construction, see [Bos05], provides a transformation of pregeometriesϕ : Tadic(k◦)→
Tan(k). The morphism ϕ is moreover a localization of categories with respect to those morphisms of affine formal
schemes SpfA → SpfB such that there exists an k◦ p-adic complete algebra C and (continuous) morphisms of
k◦-algebras C → B and C → A after localizing with respect to p we obtain a chain of equivalences
B ⊗k◦ k ≃ C ⊗k◦ k ≃ A⊗k◦ k.
Proposition 3.1.2. The transformation of pregeometries ϕ : Tadic(k◦) → Tan(k) induces a functor between
∞-topoi Φ :R Top(Tan(k)) →R Top(Tadic(k◦)) which admits a right adjoint (−)rig :R Top(Tadic(k◦)) →R
Top(Tan(k)) which we refer as the derived generic fiber functor.
Proof. It follows immediately from the more general result in Proposition 2.1.1. [Lur11]. 
Before stating the main result of this section we need to establish some preliminary results.
Notation 3.1.3. Given a pregeometry T we denote by RTop≤n(T) the full subcategory of RTop(T) spanned by
those T-structured topos (X,O) such that O is n-truncated.
Lemma 3.1.4. For each integer n ≥ 0, we have a commutative diagram
RTop(Tadic(k
◦)) RTop(Tan(k))
Φ
oo
RTop≤n(Tadic(k
◦))
OO
RTop≤n(Tan(k))
OO
Φn
oo
,
and the vertical arrows are left adjoint to the truncation functor.
Proof. It suffices to prove that both pregeometries Tan(k) and Tadic(k◦) are compatible with n-truncations. The
pregeometryTan(k) is compatible with n-truncation by [PY16a, Theorem 3.23]. We are thus reduced to prove that
the preogemetry Tadic(k◦) is compatible with n-truncations. We follow closely [Lur11, Proposition 4.3.28] and
by reasoning in the same way, or as in the proof of Proposition 2.1.13, we reduce ourselves to prove the following
assertion: Let U → X be an admissible morphism in Tadic(k◦), O ∈ Str
loc
Tadic(k◦) (S) then the commutative square
(8)
O(U) τ≤0O(U)
O(X) τ≤0O(X),
is a pullback square in S. Notice that U ≃ SpfA and X ≃ SpfB where A and B are p-complete k◦-algebras.
By construction of Tadic(k◦) the k◦-algebra A is étale over a ring of the form k◦〈T1, . . . , Tn〉, therefore, thanks
to [dJ+, Tag 0AR1, Lemma 80.10.3] there exists an étale k◦[T1, . . . , Tn]-algebra B′ such that B ≃ (B′)∧p .
The morphism B → A is p-adic formal étale and thanks to [dJ+, Tag A0R1, Lemma 7.9.10.3] there exists
an A′-algebra étale of finite type over B′ such that the p-completion of the morphism B′ → A′ coincides with
B → A. By construction, we conclude that the morphism B′ → A′ belongs to Tét(k◦) and its p-completion
coincides with B → A. Then the étale map U → X is the p-completion of an étale morphism of the form
SpecA′ → SpecB′. Therefore, the morphism of spaces,
O(U)→ O(X),
can be identified with a morphism,
Oalg(SpecA)→ Oalg(SpecB).
And similarly for the morphism,
τ≤0O(U)→ τ≤0O(X).
Therefore, we can identify the diagram (8) with the diagram
Oalg(SpecA′) τ≤0O
alg(SpecA′)
Oalg(SpecB) τ≤0O
alg(SpecB),
in S. The result now follows from [Lur11, Proposition 4.3.28]. 
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Corollary 3.1.5. For each integer n ≥ 0, we have a commutative diagram of the form
RTop(Tadic(k
◦))
Ψ //
t≤n

RTop(Tadic(k
◦))
t≤n

RTop≤n(Tadic(k
◦))
Ψn // RTop≤n(Tan(k))
,
whereΨn : RTop≤n(Tadic(k◦))→R Top≤n(Tan(k)) denotes the right adjoint to the forgetful functorΦn : RTop≤n(Tan(k))→R
Top≤n(Tadic(k
◦)).
Proof. By taking right adjoints in the commutative diagram of statement Lemma 3.1.4 we deduce that the functor
Ψ commutes with n-truncations for any integer n ≥ 0. 
Corollary 3.1.6. Let X = (X,O) be a classical k◦-formal scheme of finite presentation, then Xrig is equivalent to
the classical k-analytic space corresponding to Raynaud’s generic fiber of X.
Proof. The question being local in X we can suppose that X ≃ SpfA, where SpfA = (HShvadA ,OSpfA) is the
(classical) formal spectrum of an admissible p-adic complete ring A, i.e., A is quotient by a finitely generated
ideal of k◦〈T1, . . . , Tm〉, for some integer n ≥ 0. Therefore, SpfA fits into an underived pullback diagram
SpfA //

Spfk◦〈T1, . . . Tm〉

Spfk◦ // Spfk◦〈T1, . . . , Tn〉.
LetZ denote the (derived) pullback of the above diagram, whose existence is guaranteed by [Lur16, Proposition
8.1.6.1]. We conclude that t0(Z) ≃ SpfA. Moreover, as Spfk◦〈T1, . . . , Tm〉, Spfk◦ and Spfk◦〈T1, . . . , Tn〉 are
objects of the pregeometry Tadic(k◦) and (−)rig coincides with the usual Raynaud generic fiber construction on
the objects of the given pregeometry (by the very definition of ϕ) it follows that
(Spfk◦)rig ≃ Spk
(Spfk◦〈T1, . . . , Tn〉)
rig ≃ (Spk〈T1, . . . , Tn〉,
(Spfk◦〈T1, . . . , Tm〉)
rig ≃ Spk〈T1, . . . Tm〉.
(−)rig being a right adjoint it thus commutes with limits we have a pullback diagram of the form
Zrig //

Spk〈T1, . . . , Tm〉

Spk // Spk〈T1, . . . , Tn〉
,
in the∞-category RTop(Tan(k)). By Corollary 3.1.5 there exist canonical equivalences t0(Ψ(Z)) ≃ Ψ(t0(Z)) ≃
Ψ(SpfA) and we conclude that Ψ(SpfA) agrees with the Berkovich spectra of the quotient k-affinoid algebra
given by the induced k- affinoid algebras morphism k〈T1, . . . Tn〉 → k〈T1, . . . Tm〉, and therefore it agrees with
the usual Raynaud generic fiber functor and the proof is finished. 
Lemma 3.1.7. Let j : X → Y be a closed immersion of k◦-derived formal Deligne-Mumford stacks of almost
finite presentation. Then jrig is closed immersion in RTop(Tan(k)).
Proof. It suffices to show that at the level of truncations t0(jrig) : t0(Xrig) → t0(Yrig) is a closed immersion.
The statement now is a direct consequence of Corollary 3.1.6 together with the fact that Raynaud’s generic fiber
construction preserves closed immersions. 
Proposition 3.1.8. Let X be an k◦-derived formal Deligne-Mumford stack, which we assume to be locally of
almost finite presentation , i.e., it can be covered by affine derived formal schemes which correspond to the formal
spectrum of almost finite presentation p-complete k◦-simplicial algebras. Then Xrig is a derived k-analytic space.
Proof. The following proof is inspired in the proof [PY17, Proposition 3.7]. The question is étale local, thanks to
Lemma 2.1.3 [Lur11], thus we are reduced to prove that if X = SpfA is the derived formal spectrum associated
to an admissible k◦-simplicial algebra A ∈ CAlgadk◦ then (SpfA)
rig is a derived k-affinoid space. Let C be the
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full subcategory of fdDMk◦ spanned by those affine derived formal Deligne-Mumford stacks SpfA such that
(SpfA)rig is equivalent to a derived k- affinoid space. We have:
(i) The∞-category C contains the essential image of Tadic(k◦) thanks to Lemma 5.5.
(ii) C is closed under pullbacks along closed immersions. First observe that the pregeometry Tadic(k◦) is
unramified by Proposition B.0.3. Let,
W //

Z

Y
j // X
,
be a cartesian square in the ∞-category spanned by affine objects in fdDMk◦ and where j is a closed
immersion. By unramifiedness, such square is also cartesian in the∞-category RTop(Tadic(k◦)). Then,
as (−)rig is a right adjoint we obtain a cartesian square,
W rig //

Zrig

Y rig
jrig // Xrig
.
By Lemma 3.1.7 and the fact that the∞-category dAfdk is closed under pullbacks along closed immer-
sions the result follows.
(iii) C is closed under finite limits. General pullbacks can be constructed in terms of products of affine spaces
and pullbacks along closed immersions. As (−)rig commutes with closed products of affine spaces, by
Corollary 3.1.6, and it is closed under pullbacks along closed immersions, the conclusion follows.
(iv) C is closed under retracts. LetX ∈ C and let,
Y
j // X
p // Y ,
be a retract diagram in fdDM, with Y affine. By assumption, Xrig ∈ dAfdk and t0(Y )rig ∈ dAfdk, by
Corollary 5.5. Unwinding definitions, we see that it suffices to show that, for each i ≥ 0, πi(OY rig) is a
coherent sheaf over π0(OY rig ). As it is a retract of πi(OXrig), and the latter coherent over π0(OXrig ) we
conclude that πi(OY rig) is coherent over π0(OXrig). Moreover, as π0(OY rig) is a retract of π0(OXrig) it
follows that πi(OY rig) is coherent over π0(OY rig).
Thanks to the above observations we conclude that, in order to show that C contains every affine object of
fdDM, it suffices to prove that C contains everyX = SpfA ∈ fdDM, for every admissible k◦- simplicial algebra
p-complete topologically almost of finite presentation.
By Corollary 3.1.6 we are reduced to prove that πi(OXrig) is a coherent sheaf of π0(OXrig )-modules. Suppose
thus that A = (A′)∧p , for some k
◦-simplicial algebra of almost finite presentation. Then τ≤nA′ can be realized as
a retract of an k◦-algebra τ≤nB, the latter being a compact object in the∞-category CAlgk◦ , for some k
◦-algebra
which is moreover a finite colimit of free k◦-simplicial algebras {Bi}i∈I . By taking p-completions, we conclude
that τ≤nA is a retract of τ≤n(B∧p ). Moreover, we have a canonical equivalence in CAlg
ad
k◦ ,
B∧p ≃ (colim
i∈I
Bi
∧
p )
∧
p .
As C is closed under finite limits we conclude that SpfB∧p ∈ C. Therefore Spfτ≤nB
∧
p ∈ C and so it is Spfτ≤nA.
This implies that, for 0 ≤ i ≤ n, πi(Xrig) is a coherent sheaf of π0(Xrig)-modules. By repeating the argument
for each n ≥ 0 the result follows. 
Construction 3.1.9. LetX = (X,OX) ∈ dAnk. The transformation of pregeometries
ϕ : Tadic(k
◦)→ Tan(k),
induces a canonical functor,
ϕ∗ : Str
loc
Tan(k)(X)/OX → Str
loc
Tadic(k◦)
(X)/OX◦ϕ,
obtained by precomposing a Tan(k)-local structure on X with the transformation of pregeometries ϕ. The functor
ϕ∗ preserves limits and filtered colimits, therefore thanks to the Adjoint Functor Theorem it admits a left adjoint,
ψ : StrlocTadic(k◦)(X)/OX◦ϕ → Str
loc
Tan(k)(X)/OX .
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Assume further that there exists X = (X,O) ∈ fdDMk◦ such that Xrig ≃ X . The counit of the adjunction induces
natural morphism,
g : (X,OX ◦ ϕ)→ (X,O),
in the∞-category RTop (Tadic(k◦)). The associated right adjoint of the underlying geometric morphism of∞-
topoi, g∗ : X→ X, corresponds to the usual specialization morphism in the classical case. Moreover, composition
with g−1 induces a canonical functor,
(9) StrlocTadic(k◦)(X)/O → Str
loc
Tadic(k◦)
(X)/g−1O,
The morphism g induces an underlying morphism,
θ : g−1O→ OX ◦ ϕ,
of Tadic(k◦)-local structures on X which thus induces a functor,
(10) StrlocTadic(k◦)(X)/g−1O → Str
loc
Tadic(k◦)
(X)/OX◦ϕ,
obtained by composing A → g−1O, seen as an object in StrlocTadic(k◦)(X)/g−1O, with θ. By taking the composite
of (9), (10) and ψ we obtain a functor
(−)rig : StrlocTadic(k◦)(X)/O → Str
loc
Tan(k)(X)/OX .
Definition 3.1.10. We refer to the functor (−)rig : StrlocTadic(k◦)(X)/O → Str
loc
Tan(k)(X)/OX as the rigidification
functor on local structures.
Definition 3.1.11. We have a transformation of pregeometries,
(−)an : Tét(k)→ Tan(k),
induced by the usual analytification functor from k-schemes of finite type to k-analytic spaces. It induces a
forgetful functor,
(−)alg : StrlocTan(k)(X)/OX → Str
loc
Tét(k)(X)/OalgX
,
which we refer as the underlying algebra functor.
Proposition 3.1.12. Let X = (X,OX) ∈ dAnk and suppose that there exists X = (X,O) ∈ dfDMk◦ . The
composite functor,
(−)alg ◦ (−)rig : StrlocTadic(k◦) (X)/O → Str
loc
Tét(k) (X)/OalgX
,
sends a local Tadic(k◦)-structure A ∈ Str
loc
Tadic(k◦)(X)/O to
A 7→
(
g−1A
)alg
[p−1] ∈ StrlocTét(k) (X)/Oalg
X
,
where g−1 is as in Construction 3.1.9 and
(
g−1A
)alg
[p−1] denotes the localization at p of
(
g−1A
)alg
in StrlocTét(k) (X)/Oalg
X
.
Proof. Denote Φ := (−)alg ◦ (−)rig. We want to show that for any, A ∈ Strloc,cpl
Tadic(k◦)
(X)/O, we have a natural
equivalence,
Φ(A) ≃
(
g−1A
)alg
[p−1]
in the∞-category StrlocTét(k) (X)/Oalg
X
. Let
Θ := (−)[p−1] ◦ (−)alg ◦ g−1 : StrlocTadic(k◦) (X)/O → Str
loc
Tét(k) (X)/(g−1O)alg[p−1] .
As in Construction 3.1.9 we have a natural morphism
(
g−1O
)alg
→ OalgX , in Str
loc
Tét(k) (X). The latter being a
Tan(k)-local structure it thus lives over k, and therefore thanks to the universal property of localization we obtain
a natural map Θ(O) → OalgX in the ∞-category Str
loc
Tét(k) (X). Thus by composing Θ with the forgetful functor
StrlocTét(k) (X)/(g−1O)alg[p−1] → Str
loc
Tét(k) (X)/OalgX
, we obtain thus a functor
Ψ: StrlocTadic(k◦) (X)/O → Str
loc
Tét(k) (X)/OalgX
If A ∈ StrlocTadic(k◦)(X)/O, we have canonical morphisms,
Ψ(A) ≃
(
g−1A
)alg
[p−1] ≃ g−1A (Spf (k◦〈T 〉)) [p−1]→ ψ
(
g−1A
) (
D1
)
[p−1]→(11)
ψ
(
g−1A
) (
A1
)
[p−1] ≃
(
Arig
)alg
≃Φ (A) ,(12)
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where ψ is the functor appearing in Construction 3.1.9. Such composite morphism is natural in A which gives
thus a morphism of functors θ : Ψ→ Φ. The statement follows if we show that θ is an equivalence as a morphism
of functors. Thanks to [PY16a, Remark 3.3], the∞-topos X has enough points, therefore it suffices to show that
for any geometric morphism of∞-topoi,
x∗ : S
//
X : x−1oo ,
x−1θ : x−1Ψ→ x−1Φ,
is an equivalence in the∞-category Fun (S, S). Let,
y∗ = g∗x∗ : S
// X : x−1g−1 = y−1oo ,
be the corresponding geometric point on X by applying g∗ to x∗. Thanks to [Por15, Theorem 1.12] we have a
commutative diagram in the∞-category Cat∞,
StrlocTadic(k◦)(X)/O
y−1 //
Ψ

Φ

StrlocTadic(k◦)(S)/y−1O
ΨS

ΦS

StrlocTét(k)(X)/OX
x−1 // StrlocTét(k) (S)/x−1OX
,
where ΦS and ΨS are defined similarly to Φ and Ψ, respectively, in the stalk case. We are thus reduced to the case
X ≃ S. We have thus to prove that if A ∈ StrlocTadic(k◦)(S)/y−1O then,
θ : ΨS(A) ≃ ΦS(A).
Both functorsΨS and ΦS commute with sifted colimits and the∞-category Str
loc
Tadic(k◦)
(S)/y−1O admits a family
of sifted generators given by S = {k◦〈T1, . . . , Tn〉}n∈N, as in Section 2.1, where the Ti’s sit in degree 0. We are
thus reduced to check that,
θ : ΨS → ΦS,
is an equivalence when evaluated on objects of the form,
k◦〈T1, . . . , Tn〉 ∈ Str
loc
Tadic(k◦)
(S)/y−1O.
In such case, the result follows immeadiately by the fact that the transformation of pregeometriesϕ : Tadic(k◦)→
Tan(k) is given by taking generic fibers, which on the underlying algebra corresponds precisely to inverting p and
the composite map in (11) and (12) correspond thus to the identity moprhism when evaluated on objects of the
form,
k◦〈T1, . . . , Tn〉 ∈ Str
loc
Tadic(k◦)(S)/y−1O.

3.2. Rigidification of modules. In this subsection we use Proposition 3.1.12 in order to compute the rigidification
of the formal cotangent complex introduced in section 4.6.
Let X = (X,OX) ∈ dAnk. In [PY17, Section 4] the ∞-category of OX -modules was defined as ModOalgX
,
where the latter designates the∞-category ofD(Ab)-valued sheaves on X which admit an action of OalgX . More-
over, Theorem 4.5 in [PY17] implies that we have an equivalence of∞-categories
ModOX := (−)
alg : Sp
(
Ab
(
StrlocTan(k)(X)/OX
))
→ Mod
O
alg
X
.
Given A ∈ StrlocTan(k)(X)/OX , one can consider the ∞-category Str
loc
Tan(k)(X)A//OX . The cotangent complex
Lan
OX/A
∈ ModOX corepresents the functor,
DeranA (OX ,−) : ModOX → S
F ∈ ModOX 7→ MapStrloc
Tan(k)
(X)A//OX
(OX ,OX ⊕ F) ∈ S,
where OX ⊕ F := Ω∞(F) ∈ Str
loc
Tan(k)(X)A//OX and Ω
∞ : ModOX → Str
loc
Tan(k)(X)/OX is the evaluation at the
point ∗ ∈ Sfin.
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Lemma 3.2.1. Let X = (X,OX) ∈ dAnk and suppose that there exists X = (X,O) ∈ dfDMk◦ such that
X
rig ≃ X . The rigidification functor (−)rig : StrlocTadic(k◦) (X)/O → Str
loc
Tan(k) (X)/OX induces a well defined
functor
ModadicOX → ModOX .
Proof. Consider the functor Φ as in the proof of Proposition 3.1.12. Thanks to Proposition 3.1.12 such functor
commutes with finite limits, since localization at p does. The functor (−)alg being a right adjoint commutes with
small limits, it is moreover conservative thus it follows that (−)rig preserves finite limits. Therefore composing
with (−)rig induces a canonical functor
(−)rig : ModadicOX ≃ Sp(Ab(Str
loc
Tadic(k◦)(X)/O))→ Sp(Ab(Str
loc
Tan(k)(X)/OX)) ≃ ModOX ,
as desired. 
Lemma 3.2.2. Let X and X be as in the statement of Lemma 3.2.1, then the diagram,
ModadicOX
(−)rig // ModOX
StrlocTadic(k◦)(X)/O
Σ∞Ab
OO
(−)rig // StrlocTan(k)(X)/OX
Σ∞Ab
OO
,
commutes up to coherent homotopy.
Proof. The functor (−)rig coincides with the composition of g−1 and ψ, notation as in Construction 3.1.9. It thus
suffices to prove the statement separately for both g−1 and ψ. The case of g−1 follows readily by [PY17, Lemma
5.8]. Let us prove the statement for ψ. We have a commutative diagram
ModOX
ϕ∗ //
Ω∞

ModadicOX
Ω∞

StrlocTan(k)(X)/OX
//ϕ∗ // StrlocTadic(k◦)(X)/OX◦ϕ
.
The result now follows by taking the corresponding diagram of left adjoints. This concludes the proof of the
lemma. 
Corollary 3.2.3. We have a canonical equivalence
(
Ladic
X
)rig
≃ LanX .
Proof. It follows immediately from the definitions together with Lemma 3.2.2. 
Definition 3.2.4. Let M ∈ Coh+ (X). We say that M admits a formal model if there exists an OX- module
M0 ∈ Coh
+(X) such that,
M rig0 ≃M.
Proposition 3.2.5. Let X = (X,OX) be a derived formal scheme over k◦, and X := Xrig its generic fiber. Then
the functor (−)rig : ModOX → ModOX is t- exact.
Proof. It is a consequence of Proposition A.1.4 and [HPV16, Corollary 2.9]. 
3.3. Existence of formal models and the Localization theorem. In this subsection we prove our two main
theorems. The first one concerns the existence of formal models for good derived k-analytic spaces. The second
one is a generalization of the localizations results of Raynaud.
Definition 3.3.1. Let X = (X,O) be a derived k-analytic space such that t0(X) is equivalent to a classical k-
analytic space, we say that X is good if t0(X) is a quasi-paracompact and quasi-separated rigid k-analytic space.
Thanks to [Bos05, Theorem 3, page 204] it follows that if t0(X) is good then it admits a (classical) formal
model. We generalize this result to the derived setting:
Theorem 3.3.2. Let X = (X,OX) be a good derived k-analytic space. Then X admits a derived formal model
X = (X,O), i.e., there is an equivalence,
X
rig ≃ X,
in the∞-category dAnk.
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Proof. Let X0 := t0(X) be the 0-truncation of X . By hypothesis it follows that X0 admits a formal model X0,
i.e., Y0 is an admissible formal k◦-scheme such that,
(X0)
rig ≃ X0,
in the category of k-analytic spaces Ank. We will inductively construct a sequence of affine derived k◦-formal
Deligne-Mumford stacks,
X0 → X1 → X2 → . . . ,
such that we have canonical equivalences,
(Xn)
rig ≃ t≤n(X),
for each n ≥ 0, and such that the underlying∞-topoi of each Xn = (X,On) are canonically equivalent. which
we will denote by X. Suppose that Xn−1 has already been constructed for n ≥ 1, we will construct an affine
derived k◦-formal Deligne-Mumford stack Xn satisfying the required statements. Notice that for each integer
n ≥ 0, since X is a derived k-analytic space it follows that πn (OX) is a coherent sheaf over π0(OX) (on the
underlying∞-topos of X). Thanks to Corollary 5.42 in [PY17], there exists an analytic derivation d : Lant≤nX →
πn+1(OX)[n+ 2], which induces a pullback square,
(13)
τ≤n+1OX τ≤nOX
τ≤nOX τ≤nOX ⊕ πn+1(OX)[n+ 2],
d
d0
in the∞-category StrlocTan(k)(X)τ≤nOX , where d0 denotes the zero derivation. Corollary A.1.6 and its proof imply
that we can find a formal model for d, in the stable∞-category Coh+ (Xn) by fixing the source module, i.e., there
exists,
δ : LadicXn →Mn+1,0[n+ 2],
such that δrig ≃ d and thanks to Corollary A.1.5 we can take Mn+1,0 ∈ Coh
+ (Xn)
♥ of no p-torsion and such
thatM rign+1,0 ≃ πn+1(OX), in the∞-category Coh
+(X). We define On+1 ∈ Str
loc
Tadic(k◦)
(Y)/On as the pullback,
(14) On+1 //
δ

On
δ

On
δ0
// On ⊕Mn+1,0[n+ 2]
,
where δ0 denotes the zero formal derivation. Define Xn+1 := (X,On+1), it is an k◦-derived formal Deligne-
Mumford stack obtained as the corresponding small extension of Xn. We claim that the canonical morphism
t≤n+1X → (Xn+1)
rig
is an equivalence in RTop (Tadic(k◦)). Notice that Xn+1 is a derived formal Deligne-Mumford stack whose
underlying∞-topos is equivalent to X, therefore Xrign+1 and t≤n+1X have canonically equivalent underlying∞-
topos. Moreover, since the rigidification functor of Construction 3.1.9 commutes with finite limits we deduce that
the above diagram becomes a pullback diagram after rigidifying. Thus we obtain a canonical morphism,
α : (On+1)
rig
→ τ≤n+1OX .
Moreover, Proposition 3.1.12 implies that,(
O
rig
n+1
)alg
≃ (On+1)
alg [p−1].
By the inductive hypothesis together with the pullback diagrams (14) and (13) it follows that,
(On+1)
alg
[p−1] ≃ (τ≤n+1OX)
alg
.
Thanks to [PY16a, Lemma 3.13] the functor (−)alg is conservative, it follows then that the canonical map,
α : (On+1)
rig
→ τ≤n+1OX ,
is an equivalence. We conclude then that we have an equivalence,
X
rig
n+1 ≃ t≤n+1X,
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in the∞-category RTop (Tan(k)). Let us define,
X := colim
n≥0
Xn.
It follows that X is again an (admissible) derived formal Deligne-Mumford stack. To see this it suffices to treat the
affine case, therefore if X0 is affine, then for each n ≥ 0 we have,
Xn ≃ SpfAn,
with An an admissible simplicial k◦-algebra such that,
τ≤n−1An ≃ An−1.
We have thus an identification,
X ≃ Spf(lim
n≥0
An).
Moreover, as each An is admissible we conclude that limnAn is also admissible. Moreover, we have a chain of
equivalences,
t≤n(X
rig) ≃ (t≤nX)
rig ≃ Xrign ≃ t≤nX,
by convergence of derived k-analytic stacks, see [PY17, chapter 7]. Assemblying each of these equivalences
together produces a map,
f : Xrig → X
in dAnk. The underlying morphism on the∞-topoi is an equivalence. The morphism f induces equivalences,
πi(O
rig
Y ) ≃ πi(OX),
for each i ≥ 0, thus by hypercompletion of X, we obtain,
(OY )
rig ≃ OX .
We thus conclude that conclude that f is an equivalence,
f : Y rig ≃ X,
finishing the proof of the statement. 
We now deal with our main result, before stating it though we will first give a useful lemma:
Lemma 3.3.3. Let F : C → D be a functor between ∞-categories. Suppose that for any D ∈ D the following
assertions are satisfied:
(i) The∞-category C/D ≃ C×D D/D is contractible;
(ii) Let C′/D denote the full subcategory of C/D spanned by those objects (C,ψ : F (C) → D) such that ψ
is an equivalence in D, suppose then that C′/D is non-empty and moreover the inclusion C
′
/D → C/D is
cofinal.
Then F : C→ D induces an equivalence of∞-categories C[S−1]→ D, where S denotes the class of morphisms
in f ∈ C∆
1
such that F (f) is an equivalence.
Proof. Let E be an∞-category, we have to prove that pre-composition with F induces a fully faithful embedding
of∞-categories
F ∗ : Fun (D,E)→ Fun (C,E) ,
whose essential image consists of those functorsG : C→ E which send the morphisms in S to equivalences inD.
Given any functor G : D → E, the composite G ◦ F : C → E sends each morphism in S to an equivalence E as
F does (in D). It thus suffices then to show that F ∗ is fully faithful. Thanks to the colimit formula for left Kan
extensions together with conditions (i) and (ii) in the statement of the Lemma, we conclude that given a functor
G : C → E such that any morphism in S is sent to an equivalence, its left Kan extension F!(G) ∈ Fun (D,E)
exists and we natural equivalences F! ◦ F ∗ ≃ id and F ∗ ◦ F! ≃ id. The result now follows from the fact that F!
is an inverse to F ∗ when restricted to the full subcategory of Fun (C,E) spanned by those functors sending every
morphism in S to an equivalence in E. 
Remark 3.3.4. Theorem 3 implies that the usual classical Raynaud localization theorem is ∞-categorical in
nature, i.e., the usual category Angoodk is the ∞-categorical localization of fSchk◦ . This is a remarkably fact as
almost never a localization C[S−1] is 1-categorical, even in the case where C is 1-categorical.
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Definition 3.3.5. Let dAngoodk ⊆ dAnk denote the full subcategory spanned by those derived k-analytic spaces
X = (X,OX) such that t≤0X = (X, π0OX) is equivalent to a quasi-paracompact and quasi-separated k-analytic
space. We define dfSchadmk◦ ⊆ dfDMk◦ as the full subcategory spanned by those quasi-paracompact derived
formal k◦-schemes (X,O)which admit a (Zariski) hypercovering by derived formal schemes
∐
i SpfAi → (X,O)
where for each i, Ai ∈ CAlg
ad
k◦ .
Theorem 3.3.6. Let S be the class saturated class generated by those morphisms in dfSchadmk◦ which become an
equivalence after applying the functor,
(−)rig : dfSchadmk◦ → dAn
good
k .
Then it induces an equivalence of∞-categories,
dfSchadmk◦ [S
−1] ≃ dAngoodk .
Moreover, the class S consists of those morphisms f : X→ Y whose t0(f) is an admissible blow up and f induces
an equivalence on the higher homotopy sheaves (of the structure sheaf) after rigidification.
Theorem 3.3.6 is an immediate consequence of the following Proposition together with Lemma 3.3.3.
Proposition 3.3.7. The rigidification functor (−)rig : dfSchadmk◦ → dAn
good
k satisfies the (dual) assumptions of
Lemma 3.3.3.
Proof. We verify the assumptions of Lemma 3.3.3 simultaneously: Denote CX :=
(
dfSchadmk◦
)
X/
, and let
p0 : CX → dfSchk◦ and p1 : CX → (dAnk)X/ denote the canonical projections. We will show that given K
a finite space and a functor f : K → CX we can extend f to a functor f✁ : K✁ → CX in such a way that the
value of f✁ at the cone point is a formal model for X . This proves thus that CX is cofiltered thus of contractible
homotopy type and moreover that the inclusion of the full subcategory of formal models in CX is final.
The rough idea of proof is the following: We reason by induction on the Postnikov level in order to lift diagrams
using our results of appendix A. Using the universal property of cotangent complex we can reduce the lifting of
Tadic(k
◦)-local structures to a lifting problem in the ∞-category of (coherent) modules, which is simpler. The
technicalities involved in the proof are due to the fact that we need to keep track of all higher coherences between
diagrams, making our arguments somewhat technical in nature.
We will construct a sequence of
(
Xn, t≤nX → X
rig
n
)
∈ Ct≤nX whereXn := (Xn,OXn) ∈ dfSch
adm
k◦ satisfying
the following conditions:
(i) For each integer n, Xn is n-truncated;
(ii) There are equivalences,
(Xn)
rig ≃ t≤nX,
in the∞-category dAngoodk ;
(iii) For each integer n ≥ 0, we have canonical equivalences,
t≤nXn+1 ≃ Xn,
in the ∞-category dfSchadmk◦ . In particular, the underlying ∞-topoi of the Xn are all equivalent for
different n.
(iv) There is a functor f✁n ∈ Fun
(
K✁,Ct≤nX/
)
whose restriction (f✁n )|K ≃ t≤nf : K → Ct≤nX and such
that p0 (f✁n (∞)) ≃ Xn, where∞ ∈ K
✁ denotes the cone point ofK✁.
We will thus define, X := colimn≥0 Xn and the induced map X → Xrig given by the morphisms t≤nX → Xrign ,
for each n ≥ 0 in dAnk. Moreover, for different n, the functors f✁n ∈ Fun (K
✁,CX) assemble, by taking direct
limits, to produce an extension f✁ ∈ Fun (K✁,CX), as desired. Notice that, since rigidification commutes with
truncations, the functor f✁ obtained by this procedure is such that p1 (f✁(∞)) ∈
(
dAngoodk
)
X/
corresponds to
an equivalence in dAnk.
Suppose that X = t≤0X is a classical good k-analytic space, thanks to the universal property of truncation
we can assume without loss of generality that for each vertex x ∈ K we have that the first component of f(x) =
(Yx, ψx : X → Y
rig
x ) ∈ CX is actually a discrete formal admissible scheme (as any such morphism ψx : X → Yx
factors through the canonical morphism t≤0Yx → Yx) and the result is a direct consequence of [Bos05, Theorem
3, page 204].
We have thus dealt with the case n = 0. Therefore by induction, suppose we have already constructed f✁n ∈
Fun
(
K✁,Ct≤nX
)
for n ≥ 0, satisfying the imposed conditions. Denote the underlying∞-topos of the different
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Xn simply by X and αn,x : Xn → Yn,x the morphism associated to ∞ → x in K✁, where Yn,x := t≤nYx =
(Yx,OYx,n). Applying p0 : CX → dfSch
adm
k◦ we obtain the following data: A diagram f
✁
∗ : K
✁ →R TopX/ such
that f(∞) ≃ idX and f(x) ≃ (αn,x,∗ : X→ Yx), (notice that this diagram is constant for different for different
n ≥ 0) and a diagram f−1,✄ : Kop,✄ → StrlocTadic(k◦) (X)/OXn such that f
−1,✄(∞) ≃ idOXn and f
−1,✄(x) ≃(
hn(x) : α
−1
n,xOYn,x → OXn
)
.
A similar analysis for the diagram t≤n+1f : K → Ct≤nX together with the given Postnikov decomposition
imply that we have a functor f˜n+1 : Kop × (∆1)
2
→ StrlocTadic(k◦) (X)/OXn
, where for each vertex x ∈ K , the
induced functor f˜n+1,x :
(
∆1
)2
→ StrlocTadic(k◦) (X)/OXn
corresponds to a pullback diagram of the form
(15)
τ≤n+1α
−1
n,xOYx τ≤nα
−1
n,xOYx
τ≤nα
−1
n,xOYx τ≤nα
−1
n,xOYx ⊕ α
−1
n,xπn+1 (OYx) [n+ 2]
δn,x
δ0n,x
where δn,x denotes a suitable (formal) derivation and δ0n,x the zero (formal) derivation, over OXn , in the ∞-
category StrlocTadic(k◦) (X)/OXn .
Consider the functor I : StrlocTadic(k◦) (X)/OXn → Cat∞ which is given on objects via the association
(O→ OXn) 7→ Str
loc
Tadic(k◦)
(X)
O//O
and whose transition functors correspond to base change functors. Let D → StrlocTadic(k◦) (X)/OXn denote the
associated coCartesian fibration obtained via the unstraightening construction. Notice that pulling back along
O → OXn induces a natural functor gO : Str
loc
Tadic(k◦) (X)OXn//OXn → Str
loc
Tadic(k◦) (X)O//O, which admits a left
adjoint fO : Str
loc
Tadic(k◦)
(X)
O//O → Str
loc
Tadic(k◦)
(X)
OXn//OXn
given by base change. At the level of coCartesian
fibrations, the different gO assemble to produce a functor
G : StrlocTadic(k◦) (X)/OXn//OXn
× StrlocTadic(k◦) (X)/OXn
→ D
between coCartesian fibrations over StrlocTadic(k◦) (X)/OXn , whose fiber at (O→ OXn) ∈ Str
loc
Tadic(k◦) (X)/OXn
co-
incides with the functor gO. Thanks to the dual discussion in [PY16b, after Corollary 8.6], it follows that the
functorG admits a left adjoint F : D→ StrlocTadic(k◦) (X)OXn//OXn × Str
loc
Tadic(k◦)
(X)/OXn
The zero derivations δ0n,x in (15) assemble in order to give a functor l0 : K
op → D and so do the derivations
δn,x thus producing a diagram l : Kop → D. Composing both l0 and l with F we obtain thus functors∆0 : Kop →
StrlocTadic(k◦) (X)OXn//OXn
and∆: Kop → StrlocTadic(k◦) (X)OXn//OXn , where for each vertex x ∈ K the values
∆0(x) ≃ OXn OXn ⊕ α
∗
n,xπn+1
(
OYn,x
)
[n+ 2] OXn ,
δ0n,x
and similarly
∆(x) ≃ OXn OXn ⊕ α
∗
n,xπn+1
(
OYn,x
)
[n+ 2] OXn ,
δn,x
in the∞-category StrlocTadic(k◦) (X)OXn//OXn . Moreover, both the functors ∆0 and ∆ factor through the full sub-
category StrlocTadic(k◦) (X)
der
OXn//OXn
⊆ StrlocTadic(k◦) (X)OXn//OXn , spanned by those objects OXn → A → OXn
which correspond to derivations. Thanks to the universal property of cotangent complex, we have an equivalence
of∞-categories
StrlocTadic(k◦) (X)
der
OXn//OXn
≃
(
ModOXn
)
L
adic
O
Xn
/
,
thus we obtain equivalently functors∆0,∆: Kop →
(
ModOXn
)
Ladic
O
Xn
/
such that for each vertex x ∈ K we have
∆0(x) ≃
(
δ0n,x : L
adic
OXn
→ α∗n,xπn+1
(
OYn,x
)
[n+ 2]
)
,
and similarly
∆(x) ≃
(
δn,x : L
adic
OXn
→ α∗n,xπn+1
(
OYn,x
)
[n+ 2]
)
.
Since, for each vertex x ∈ K the OXn -modules α
∗
n,xπn+1
(
OYn,x
)
[n+ 2] ∈ Coh+ (OXn) and Xn ∈ dfSch
adm
k◦ it
follows that the cotangent complex LadicOXn is coherent and connective, see [PY17, Lemma 5.35 and Corollary 5.38]
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as both proofs apply in our context. Therefore, the diagrams∆0,∆: Kop →
(
ModOXn
)
Ladic
O
Xn
/
factor through the
full subcategory Coh+(OXn)Ladic
O
Xn
/
⊆
(
ModOXn
)
Ladic
O
Xn
/
. Consider now the composites
(−)rig ◦∆0, (−)
rig ◦∆: K → Coh+(Orig
Xn
)Lan
O
rig
Xn
/
.
Applying the same reasoning as before to the rigidification of the the diagram τ≤n+1f : K → Ct≤nX we ob-
tain that both (−)rig ◦ ∆0 and (−)rig ◦ ∆ admit extensions to diagrams ∆˜0, ∆˜ : Kop,✄ → Coh
+(Orig
Xn
)Lan
O
rig
Xn
/
,
respectively, such that ∆˜0|Kop ≃ (−)
rig ◦∆0, ∆˜|Kop ≃ (−)
rig ◦∆ and
∆˜0(∞) ≃
(
d0 : L
an
τ≤nOX
→ πn+1 (OX) [n+ 2]
)
,
denotes the zero derivation and
∆˜(∞) ≃
(
d : Lanτ≤nOX → πn+1 (OX) [n+ 2]
)
,
denotes the derivation obtained by considering the Postnikov decomposition at level n for OX , i.e., the derivations
appearing in the pullback diagram
(16) τ≤n+1OX //

τ≤nOX
d

τ≤nOX
d0// τ≤nOX ⊕ Σn+2πn+1(OX)
,
in the ∞-category of derived analytic rings over OX , Str
loc
Tan(k)(X)/OX . Thanks to Corollary A.1.5 and its
proof, namely the existence of the right adjoint G, it follows that we can lift the diagrams ∆˜0, ∆˜ in diagrams
∆0,∆: K
op,✄ → Coh+(OXn)Ladic
O
Xn
/, respectively, such that∆0|Kop ≃ ∆0,∆|Kop ≃ ∆ and moreover
∆0(∞) ≃
(
δ0 : L
adic
OXn
→ N [n+ 2]
)
,
denotes the zero derivation and
∆(∞) ≃
(
δ : LadicOXn → N [n+ 2]
)
,
where N ∈ Coh+(OXn) denotes a ”sufficiently large formal model” for πn+1 (OX), i.e., N
rig ≃ πn+1 (OX) in
the∞-category Coh+(OX), which we can suppose moreover to be discrete and p-torsion free (first, by applying
a sufficiently large truncation functor such that it does not change the resulting generic fiber and then killing p-
torsion by multiplying by a sufficiently large power of p, asN is a coherent module overOXn this procedure gives
the desired discrete p-torsion free formal model). Notice moreover, that by construction the rigidification of both
δ0 and δ coincide with d0 and d, respectively. The functors ∆0 and ∆ correspond to a morphism of diagrams
γ0 : ∆0 → δ0 and γ : ∆ → δ, where δ0 and δ denote the constant functors K → Str
loc
Tadic(k◦) (X)OXn//OXn
associated respectively to the derivations δ0 and δ. By [Lur09b, Proposition 3.3.3.2] it follows that we can lift
∆0 and∆ in functorsKop,✄ → Str
loc
Tadic(k◦)
(X)/OXn × Str
loc
Tadic(k◦)
(X)OXn//OXn whose first projection coincides
with the diagram obtained F ◦h and second projection with∆0 and∆, respectively. By adjunction we obtain thus
diagrams D0, D : Kop,✄ → D which induce diagrams D′0, D
′ : Kop,✄ × ∆2 → StrlocTadic(k◦)(X)/OXn such that
for each vertex x ∈ K , we have
D′0(x) ≃
(
τ≤nα
−1
n,xOYn,x → τ≤nα
−1
n,xOYn,x ⊕ πn+1
(
OYn,x
)
[n+ 2]→ τ≤nα
−1
n,xOYn,x
)
,
which corresponds to the zero derivations and similaryly
D′(x) ≃
(
τ≤nα
−1
n,xOYn,x → τ≤nα
−1
n,xOYn,x ⊕ πn+1
(
OYn,x
)
[n+ 2]→ τ≤nα
−1
n,xOYn,x
)
which corresponds to the derivation obtained by Postnikov decomposition associated to α−1n,x in level n+1, in the
∞-category StrlocTadic(k◦)(X)/OXn . Moreover, at∞ we obtain
D′0(∞) ≃ (OXn → OXn ⊕N [n+ 2]→ OXn) ,
the zero derivation, and similary
D′(∞) ≃ (OXn → OXn ⊕N [n+ 2]→ OXn)
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the derivation corresponding to the constructed derivation δ : LadicOXn → N [n + 2] constructed above. By taking
fiber products over each {x} ×∆2 we obtain thus a diagram L : Kop,✄ → StrlocTadic(k◦)(X)/OXn whose value on
each vertex x ∈ K is given by L(x) ≃ τ≤n+1α−1n,xOYn,x , moreover L|Kop ≃ τ≤n+1f
−1, and for∞ ∈ Kop,✄
we have On+1 ∈ Str
loc
Tadic(k◦)(X)/OXn whose rigidification coincides with τ≤n+1OX ∈ Str
loc
Tan(k)(X
rig). Letting
Xn+1 := (X,On+1) we obtain thus a functor f✁n+1 : K
✁ →
(
dfSchadm
)
Xn+1/
whose generic fiber coincides
with (τ≤n+1f)rig : K✁ → (dAnk)
good
X/ whose value at ∞ coincides precisely with (Xn+1)
rig ≃ t≤n+1X , by
construction. This defines thus a diagram, also denoted f✁n+1 : K
✁ → CX satisfying the requirements (i) to (iv)
above. The proof is thus finished. 
Corollary 3.3.8. Let S be the class saturated class generated by those morphisms in CAlgadk◦ which become an
equivalence after applying the functor,
(−)rig : CAlgadk◦ → dAfd
op
k .
Then it induces have an equivalence of∞-categories,
CAlgadk◦ [S
−1] ≃ dAfdopk .
Proof. It is a consequence of Theorem 3.3.6 and its proof together with [SW, Proposition 2.2.8] to deal with the
base step of the induction reasoning. 
APPENDIX A. VERDIER QUOTIENTS AND LEMMA ON Coh+
The results in this section were proved in a joint work with M. Porta on the representability of the derived
Hilbert stack, many of the statements and proofs are due to him.
A.1. Verdier Quotients. Let X be a quasi-compact and quasi-separated scheme of finite type over k◦. Let Z
denote the formal completion of X along p and Zrig denote the corresponding generic fiber of Z . Then we have
a natural functor (−)rig : Coh+(Z)→ Coh+(Zrig), which is induced by the procedure of inverting p.
Definition A.1.1. We say that that the functor (−)rig is the rigidification functor between coherent OZ -modules
to coherent OZrig -modules.
Let CatEx∞ denote the∞-category of small stable∞-categories together with exact functors between them.
Proposition A.1.2. Let C be a stable∞-category andA →֒ C a full stable∞-category. Then the pushout diagram
A //

C

0 // D
,
exists in the∞-category CatEx∞ .
Proof. This is Theorem B.2 in [HPV16]. 
Definition A.1.3. Let A, C and D be as above, then we say that D is a Verdier quotient of C with kernel the full
subcategoryA.
Proposition A.1.4. Let Z be a quasi-compact quasi-separated derived scheme of finite type over k◦. Denote by
Zˆp the formal completion of Z along p and (Zˆp)rig its generic fiber. There exists a cofiber sequence,
Kp(Z) →֒ Coh
+(Zˆp)→ Coh
+((Zˆp)
rig),
in the ∞-category CatEx∞ and moreover the functors involved are t-exact. Therefore the ridigification func-
tor (−)rig : Coh+(Zˆp) → Coh
+((Zˆp)
rig) exhibits Coh+((Zˆp)rig) as a (t-exact) Verdier quotient of stable ∞-
category Coh+(Zˆp).
Proof. LetKp(Z) denote the full subcategory of Coh
+(Zˆp) spanned by those coherent Zˆp coherent modules,M ,
such that π∗(M) is of p-torsion. Consider the assignment on Zét that sends any quasi-compact, étale covering U
of Z to the Verdier quotient Coh+(ZˆU )/K(U), here ZˆU denotes the restriction of the formal completion of U
along p. By [HPV16] theorem 7.3 this assignment determines uniquely (up to a contractible space of choices) a
sheaf, for the étale topology, with values in the∞-category of symmetric monoidal stable∞-categories together
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with exact and symmetric monoidal functors between them, which we denote by CatEx,⊗∞ . Denote such sheaf on
Xét by Coh
+/K.
Consider a second assignment on the étale site ofX which associates to every étale mapU → X the symmetric
monoidal stable∞-category Coh+((ZˆU )rig). Consider the following two observations: The∞- category Coh
+
satisfies fpqc descent for k-analytic spaces, which is a consequence of the main result in [Con03] together with
the usual argument of Postnikov towers in order to descend from the heart Coh+,♥ to the whole∞-category (the
interested reader might find useful chapter the argument in 3.3.4 in [HPV16]). Moreover, the formal completion
along p functor and the generic fiber functor are morphisms of sites. As consequence of these two observations
we conclude that the above assignment is an étale sheaf on Zét. Denote such étale sheaf on Zét by Coh
+,rig again
in values in the∞-category,CatEx,⊗∞ .
The universal property given by pushouts a canonical (up to contractible space of choices) morphism of étale
sheaves ψ : Coh+/K→ Coh+,rig.
We affirm that ψ is an equivalence of étale sheaves on Zét. In order to show this statement it suffices to check
that it ψ is an equivalence after evaluating it on those affine objects in Zét. In such case, the result follows readily
from the observation that for a p-complete simplicial k◦-algebra A0, the∞-category Coh
+(A0[p
−1]) is obtained
from the stable∞-categoryCoh+(A0) by "modding out" the full subcategory of p-torsion (p- complete) coherent
A0-modules and moreover the rigidification functor (−)rig : Coh
+(A0) → Coh
+(A0[p
−1]) coincides with the
quotient map under this identification and in particular it is t-exact. Therefore, ψ induces a canonical equivalence
Coh+/K(Z) ≃ Coh+,rig(Z). By definition Coh+/K(X) is the Verdier quotient of Coh+(Zˆp) by its p-torsion
coherent modules, i.e., Coh+/Kp(Z) ≃ Coh
+(Zˆp)/Kp(Z) and Coh
+,rig(Z) is by construction the∞-category
Coh+((Zˆp)
rig), which concludes the proof.

Corollary A.1.5. Let X ∈ dAnk be a derived k-analytic stack and X a formal model for X , i.e., we have an
equivalence (X)rig ≃ X in dAnk. Then every object F ∈ Coh
+(X) which is cohomologically concentrated in
finite amplitude admits a formal model, i.e., there exists G ∈ Coh+(X) such that Grig ≃ F inCoh+(X). Moreover,
the∞-category of those formal models for F is a filtered∞-category.
Proof. Let F ∈ Coh+(X), which we suppose to be concentrated in a finitely many cohomological degrees which
we can suppose without loss of generality to be connective. Notice that by construction of ind-completion it is a
compact object in the∞-category Ind
(
Coh+(X)
)
. Let G : Ind(Coh+(X)) → Ind(Coh+(X)) denote the right
adjoint to (−)rig whose existence follows from the Adjoint functor theorem. By the definition of ind-completion,
we have a canonical equivalence
(17) G (F) ≃ colim
G∈Coh+(X)/G(F)
F,
where, by construction, the indexing∞-category appearing on the right hand side is filtered. Thanks to Propo-
sition A.1.4, G is a right adjoint to an accessible localization functor and therefore it is fully faithful functor,
hence the counit of the adjunction
(
(−)rig, G
)
is an equivalence. Suppose first that F ∈ Coh+(X) is dis-
crete, then by a standard classical argument F admits a formal model F˜ ∈ Coh+(X) of no p-torsion such
that we have a (monomorphism in the heart) F˜ → F, whose rigidification becomes an equivalence, in the
(heart of) Ind
(
Coh+ (X)
)
. Suppose now that F lives in cohomological degrees [−n, 0], by inductive hypoth-
esis τ≤n−1F ∈ Coh
+(X) admits a formal model ˜τ≤n−1F ∈ Coh
+(X), which lives in cohomological de-
grees [−n + 1, 0] and is moreover of no p-torsion and we have a map ˜τ≤n−1F → τ≤n−1F in the ∞-category
Ind
(
Coh+(X)
)
, whose rigidification becomes an equivalence. We have a fiber sequence
F τ≤n−1F πn (F) [n+ 1],
in the∞-category Coh+(X). By applying the functor G we obtain also a fiber sequence. From now on we drop
G from our notation. We have thus that, since ˜τ≤n−1F ∈ Coh
+(X) is a compact object, the map ˜τ≤n−1F →
τ≤n−1F → πn (F) [n + 1] factors thourgh G[n + 1] where G ∈ Coh
+(X)♥ is a formal model (of no p-torsion)
for πn (F) admitting a monomorphism G → πn (F) in the heart of the ∞-category Ind
(
Coh+(X)
)
, whose
rigidification becomes an equivalence. Therefore using the fact that G is a right adjoint thus the counit is an
equivalence the produced map ˜τ≤n−1F → G[n + 1] is such that its rigidification corresponds to the given map
τ≤n−1F → πn(F)[n + 1]. Therefore F˜ := fib
(
˜τ≤n−1F → G[n+ 1]
)
is a formal model for F, which lives in
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cohomological degrees [−n, 0], of no p torsion and admitting a map F˜ → F in the∞-category Ind
(
Coh+(X)
)
,
which become an equivalence after rigidification.
We are thus left to prove that the full subcategory, denoted CF, of the filtered∞-categoryCoh
+(X)/F spanned
by those objects
(
F˜, ψ : F˜rig → F
)
such that ψ is an equivalence, is filtered. By construction, the ∞-category
Coh+(X)/F is filtered. In order to prove that CF, it suffices to show that every
(
G, φ : Grig → F
)
∈ Coh+(X)/F
admits a morphism to an object in CF. If F ∈ Coh
+(X) lies in the heart then we can write F ≃ colimi Gi, in
Ind
(
Coh+(X)
)
where the Gi ∈ Coh
+(X)♥ are (of no p-torsion) and admitting monomorphisms Gi → F, in
the heart of Ind
(
Coh+(X)
)
for each i. Therefore, the morphism φ : Grig → F corresponds by adjunction to a
morphism G → G(F) and by compactness of G ∈ Coh+(X) we have that such a morphism factors through one
of the Gi, i.e., we obtain a morphism G→ Gi which gives a factorization in Coh
+(X)/F, as desired.
Suppose now that F ∈ Coh+(X) is general connective and of bounded cohomology in degress [−n, 0]. Then
given
(
G, φ : Grig → F
)
∈ Coh+(X)/F we know by the inductive hypothesis that
(
G,Grig → F → τ≤n−1F
)
∈
Coh+(X)/τ≤n−1F admits a factorization through
(
˜τ≤n−1F, ˜τ≤n−1F
rig
→ τ≤n−1F
)
∈ Coh+(X)/τ≤n−1F. We
have a commutative diagram
τ≤nG τ≤n−1G πn(G)[n+ 1]
F τ≤n−1F πn(F)[n+ 1],
where the horizontal maps form fiber sequences in the∞-category IndCoh+(X). Moreover, there exists a suffi-
ciently large formal modelMn ∈ Coh
+(X)♥ of no p-torsion for πn(F) together with a monomorphismMn →
πn(F) in Ind
(
Coh+(X)
)♥
such that both the composites τ≤n−1G → ̂τ≤n−1F → τ≤n−1F → πn(F)[n+ 1] and
τ≤n−1G → πn(G)[n + 1] → πn(F)[n + 1] factor throughMn[n + 1]. Thus we have a commutative diagram of
fiber sequences in the∞-category Ind
(
Coh+(X)
)
τ≤nG τ≤n−1G πn(G)[n+ 1]
F˜ ˜τ≤n−1F Mn[n+ 1]
F τ≤n−1F πn(F)[n+ 1]
which provides a factorization
(
G, φ : Grig → F
)
→
(
F̂, ψ : F̂rig → F
)
in the ∞-category Coh+(X)/F, as de-
sired. 
Corollary A.1.6. Let X ∈ dAnk and f : F → G be a morphism Coh
+(X), where G ∈ Cohb(X). Suppose we
are given a formal model X forX . Then we can find a morphism f : F′ → G′ in Coh+(X) such that frig lies in the
same connected component of f in the mapping spaceMapCoh+(X)(F,G).
Proof. We will actually prove more: Fix F′ ∈ Coh+(X) a formal model for F, whose existence is guaranteed by
Corollary A.1.5 then we can find a formal model G′ ∈ Coh+(X) for G such that the morphism
f : F → G,
in the∞-category Coh+(X) lifts to a morphism,
f : F′ → G′,
in the ∞-category Coh+(X). Assume thus F′ ∈ Coh+(X) fixed. Given a generic G′ ∈ Coh+(X), denote by
Hom (F′,G′) ∈ QCoh (X)) the Hom-sheaf of (quasi-coherent) OX-modules. Notice that if G′ ∈ Coh
b (X) then
the Hom-sheafHom (F′,G′) is still an object lying in the∞-category Coh+ (X)
By our assumption on G ∈ Coh+(X), we can find a cohomogically bounded formal model G′ ∈ Cohb (X) for
G, and thusHom (F′,G′) ∈ Coh+ (X). Consider the colimit,
(18) colim
G′∈C
Hom (F′,G′) ≃ Hom (F′, G (G)) ≃
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≃ Hom
(
(F′)
rig
,G
)
≃ G (Hom (F,G)) ,
where C denotes the∞-category of (cohomological bounded) formal models for G, first equivalence follows from
the fact that F′ ∈ Coh+(X) is a compact object in Ind(Coh+(X)), thus the Hom-sheaf, with sourceF′, commutes
with filtered colimits, and the second equivalence follows from adjunction. By applying global sections on both
sides of 18 we obtain an equivalence of spaces (as G is a right adjoint, thus composing it with global sections
produces global sections),
colim
G′∈C
Map(F′,G′) ≃ MapCoh+(X)(F,G).
We conclude thus that there exists G′ ∈ C and f : F′ → G′ such that frig and f lie in the same connected component
ofMapCoh+(X)(F,G), as desired. 
Corollary A.1.7. Let X ∈ dAnk and f : F → G be a morphism Coh
+(X), such that G ∈ Cohb(X). Suppose
we are given a formal model X for X together with formal models F′, G ∈ Coh+(X) for F and G, respectively,
where we assume moreover that G′ ∈ Cohb(X). Then given an arbitrary f : F → G in Coh+(X) we can find
f : F′ → G′ in Coh+(X) lifting pnf : F → G.
Proof. Consider the sequence of equivalences in Eq. (18). Then by applying the same argument as in the proof of
Corollary A.1.5 we obtain that an equivalence,
(Hom(F′,G′))rig ≃ Hom(F,G),
in the∞-category Coh+(X). Therefore, by taking global sections we obtain,
MapCoh+(X)(F
′,G′)[p−1] ≃ MapCoh+(X)(F,G),
Therefore, by multiplying f ∈ MapCoh+(X)(F,G) by a sufficiently large power of p, say p
n, then pnf should lie
in a connected component ofMapCoh+(X)(F
′,G′), as desired. 
APPENDIX B. UNRAMIFIEDNESS OF Tadic(k◦)
In this section we prove that the pregeometry Tadic(k◦) is unramified and the transformation of pregeometries
Tét(k)→ Tadic(k
◦) is also unramified. We start by collecting some definitions.
Definition B.0.1. Let T be a pregeometry, we say that T is unramified if for every morphism f : X → Y in T and
every oject Z ∈ T, the diagram
X × Z //

X × Y × Z

X // X × Y
,
induces a pullback diagram,
XX×Z //

XX×Y×Z

XX // XX×Y
,
in RTop, where XX×Z, XX×Y×Z ,XX and XX×Y denote the underlying ∞-topos associated to the absolut
spectrum construction SpecT , introduced in section 2.2 [Lur11].
Example B.0.2. Both the pregeometries Tét(k) and Tan(k) are unramified, see Proposition 4.1 in DAG IX and
Corollary 3.11 in [PY16a].
Proposition B.0.3. The pregeometry Tadic(k◦) is unramified.
Proof. Given Z ∈ Tadic(k◦) the associated ∞-topos XZ is equivalent to the associated∞-topos corresponding
to the étale of the special fiber of Z . As pullback diagrams in Tadic(k◦) are preserverd by taking special fibers it
follows that Tadic(k◦) is unramified. 
There is also a relative version of the notion of unramifiedness.
Definition B.0.4. Let ϕ : T → T′ be a transformation of pregeometries, and let Φ :R Top(T′) →R Top(T) be
the induced functor, given on objects by the association (X,O) → (X,O ◦ ϕ). We say that ϕ is unramified if the
following conditions are satisied:
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(i) Both T and T′ are unramified;
(ii) For every morphism f : X → Y in T and every object Z ∈ T, we have a pullback diagram,
ΦSpecT
′
(X × Z) //

ΦSpecT
′
(X)

ΦSpecT
′
(X × Y × Z) // ΦSpecT
′
(X × Y ),
in the∞-category RTop(T).
Proposition B.0.5. The transformation of pregeometries introduced in Remark 4.21 is unramified.
Proof. By Example B.2 and Proposition B.3 it suffices to show condition (ii) in Definition B.4. This follows from
the fact that ΦSpecT
′
(−) is and ind-étale spectrum and therefore such construction commutes with pullbacks
taken of étale spectrums. 
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